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Abstract
Recent advances in time-resolved angle-resolved photoemission spectroscopy have enabled access
to ultrafast electron states and their spin dynamics in solids. Atomically thin transition metal
dichalcogenides are paradigmatic two-dimensional materials where electron momentum and spin
degrees of freedom are coupled, being suitable candidates for time-resolved spectroscopy studies.
In this work, we present a thorough study of the electron dynamics when these materials are
subject to an intense finite-pulse driving radiation. We extend the scope of the conventional
Floquet engineering and rely on the so-called t− t ′ formalism to deal with driving fields described
with two distinct time scales, namely the envelope amplitude timescale and the time period of the
external field. The interplay between the finite-pulse timescales and the intrinsic properties of the
electrons gives rise to transient valley polarisation and dynamical modifications of band structures,
revealed by the time-dependent circular dichroism of the sample.

1. Introduction

Floquet engineering has emerged as a powerful tool for dynamically tailoring the properties of quantum
materials by applying time-periodic perturbations [1, 2]. This approach has been widely explored for its
ability to manipulate novel electronic and topological phases in systems ranging from ultracold atoms [3–5]
to solid-state materials [6–8]. However, most theoretical treatments of Floquet phenomena rely on the
assumption of perfectly periodic driving fields, which may not accurately reflect practical experimental
settings as usually large amplitudes of the driving field are required and ultrashort laser pulses need to be
used. In this context, time-resolved ARPES measurements have revealed the dynamics of Floquet–Bloch
states at the surface of three-dimensional topological insulators [6, 7]. Remarkably, recent advances in the
time resolution of ARPES measurements [9–12] make it possible to address the dynamics of topological
states with subcycle precision [11]. Coherent control and observation of Floquet–Bloch states require that
the time-scales of the dynamics of electrons coupled with the external field dominate over scattering
mechanisms due to phonons and defect. This has been demonstrated experimentally in WTe2 at room
temperature [9]. However, in the same work Floquet replicas could not be observed experimentally in
graphene. The theoretical analysis showed that this was probably due to competing time scales between the
Floquet dynamics and the scattering events, highlighting the importance of strong fields and long scattering
times in Floquet-engineering applications. The indirect measurements of Floquet topological properties as
the anomalous Hall effect [8, 13] and the very recent observations of Floquet states by ARPES in
graphene [14, 15] have been performed at lower temperatures and, thus, longer scattering times.

Two-dimensional materials are particularly well-suited for exploring the concepts of Floquet engineering,
as the issue of light penetration depth is inherently negligible. Indeed the first theoretical proposals for
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Floquet engineering of topological properties were made in 2D materials [18, 23]. However, experimental
advances in Floquet engineering of 2D topological materials have been slow and difficult. Challenges such as
heating and decoherence remain significant obstacles. In spite of all these problems, several key experimental
results have demonstrated remarkable control over electronic and optical properties through periodic
driving. For instance, anomalous Hall conductivity induced by light has been measured in graphene [8]
although direct evidence of topological states is still lacking. Nevertheless, transport conductivity
measurements could be used as a signature of light-induced band gaps in graphene as suggested in recent
studies [16]. Additional evidence of Floquet band engineering includes the observation of gap opening due
to avoided crossings of Floquet–Bloch bands in the surface of a topological insulator [6] as well as
Floquet-induced band inversion in 2D phosphorene [24].

Atomically thin transition metal dichalcogenides (TMDs), with their rich electronic structures, strong
spin–orbit coupling, and valley-selective optical response, offer a particularly intriguing platform for
studying applications of Floquet engineering [17, 19–22]. Already, valley-selective excitations and coherent
control of excitons have been achieved in TMDs using finite optical pulses, highlighting the potential for
valleytronics applications [25, 26].

A very relevant development regarding coherent control of material properties by light is the use of
tailored pulses with increasing possibilities of symmetry breaking control [27]. Theoretically investigated
effects include the use of bichromatic pulses [28–31], twisted light [33], and periodic intensity
modulation [32]. Experimentally, there has been some advances in 2D materials. For example, a
light-wave-controlled Haldane model in monolayer hexagonal boron nitride was reported using a structured
spatial waveform of the light field controlled with subcycle precision [34].

Additional theoretical efforts are required to address more realistic experimental conditions, such as the
finite duration of laser pulses, which deviates from the idealised assumption of perfectly periodic driving.
These temporal constraints can significantly affect the formation, stability, and observability of Floquet
states, potentially altering their spectral properties and leading to non-trivial transient dynamics that must be
carefully modelled to ensure accurate comparison with experimental results. There has been some important
advances in describing subcycle time-dependent ARPES pump–probe spectroscopy with applications to
graphene and hexagonal boron nitride [29, 32, 35]. Recent experiments measuring photocurrents in
graphene illuminated by a circularly polarised femtosecond laser pulse have shown subcycle sensitivity [13].

In this work, we extend the scope of Floquet engineering applied to TMDs by considering finite-pulse
driving schemes within the t− t ′ formalism [36–41]. This formalism offers a natural framework to describe
the temporal evolution of systems subjected to driving fields with arbitrary time profiles. It requires
consideration of two distinct time scales: the envelope amplitude timescale and the time period of the
external field. For the method to be effective, the period associated with the field frequency must be
significantly shorter than the envelope timescale. In this way, the pulse driving is described using an
instantaneous Floquet basis, with the pulse amplitude as a decoupled parameter. By applying this
methodology to TMDs, we aim to elucidate how finite-pulse radiation influences the emergence of Floquet
states, their spectral features, and the resulting valley dynamics.

Our analysis reveals that the interplay between the finite-pulse characteristics and the intrinsic properties
of TMDs gives rise to distinctive effects, including transient valley polarisation and dynamical modifications
of band structures that depend on the pulse shape and duration. We focus on the time-dependent circular
dichroism (CD) as the experimental signature to detect these dynamical effects. These findings broaden the
theoretical understanding of Floquet engineering applied to two-dimensional materials and offer
experimentally relevant insights for designing optoelectronic devices and exploring ultra-fast valleytronics
applications in TMDs.

2. Method

In monolayer TMDs such as MoS2, MoSe2, WS2 and WSe2 the conduction- and valence-band edges are
located at valleys K and K ′ of the hexagonal Brillouin zone [42, 43]. The conduction band exhibits a small
spin splitting, which becomes more pronounced in heavier materials such as WTe2. However, this splitting is
typically negligible in most TMDs and therefore omitted in the following. In contrast, the valence band
shows a large spin splitting due to the enhanced spin–orbit coupling, see a schematic plot in figure 1(a). By
comparison with ab-initio calculations, it is shown that the electron states close to the band edges can be
accurately described by the following two-band spinfull k · pHamiltonian [44]

H0

(
kx,ky

)
= h̄v

(
τkxσ̂x + kyσ̂y

)
+

∆

2
σ̂z −λτ

σ̂z − σ̂0

2
ŝz , (1)

2
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Figure 1. (a) Schematic representation of the MoS2 band structure in the two-dimensional Brillouin zone close to the band edges.
Valley’s conduction bands (in green) are considered degenerated while valence bands (in red and blue) are split by the spin–orbit
coupling (up/down arrows). (b) Enlarged view of the inequivalent valleys τ =−1 (left) and τ =+1 (right), highlighting their
opposite chiralities. (c) Calculated band spectrum of MoS2 including Floquet replicasm= 0,+1,−1. The driving frequency is set
to f= ω/2π = 120 THz, corresponding to a photon energy h̄ω = 2eV.

where τ =±1 is the valley index. Here σ̂j (j = x,y,z) and σ̂0 denote the Pauli matrices and the 2× 2 unit
matrix acting upon the basis functions. Similarly, ŝz and ŝ0 are the Pauli matrix and the 2× 2 unit matrix for
spin. In equation (1), v is a model parameter with dimensions of velocity,∆ is the energy gap, and λ is the
spin splitting at the valence-band edge. The dispersion relation is:

Ec↑(c↓) =Mτ ±
λτ

2
, Ev↑(v↓) =−Mτ ±

λτ

2
, (2)

Mτ

(
kx,ky

)
=

√
(h̄v)2

(
k2x + k2y

)
+

1

4
(∆±λτ)

2
,

where the subscript c (v) refers to the conduction (valence) band and the ↑ (↓) to the spin up (down), which
relates to the+(−) sign.

The external pulse is included via the Peierls substitution h̄k→ h̄k+ eA(t). The time-dependent
Hamiltonian obtained is

H
(
kx,ky, t

)
=H0

(
kx,ky

)
+V(t) , (3a)

V(t) =
evA(t)√
1+ ε2

[
τ cos(ωt+φ)σx + ε sin(ωt+φ)σy

]
s0, (3b)

where ε= tan(χ) gives the ellipticity of the light, being ε=+1 for right-handed polarisation and ε=−1 for
left-handed. ω is the frequency of the pulse, φ is the carrier-envelope phase (CEP), and the amplitude is given
by a time-dependent function A(t). Note that, due to the sign exchange between valleys the trajectory of
h̄k+ eA(t) around a Dirac point in a circularly polarised light field is opposite for the two valleys, see
figure 1(b). For the sake of concreteness, we will employ a Gaussian-shape envelope, although any other
differentiable function can be implemented within the method explained hereafter. Therefore

A(t) = A0e
−(t/γ)2 , (4)

where A0 is the maximum amplitude and γ > 0 has units of time and gives the width of the Gaussian pulse.
Even when the pulse is not strictly periodic, we can define a Floquet–Fourier expansion at a fixed

amplitude by considering two time-scales and writing equation (3b) as:

V(t, t ′) =
evA(t ′)√
1+ ε2

[
τ cos(ωt+φ)σx + ε sin(ωt+φ)σy

]
s0 . (5)

3
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Notice that now the time-periodicity is restored for time t leading to V(t, t ′) = V(t+T, t ′), where T= 2π/ω
is the period of the internal oscillations of the pulse. The method of decoupling the envelope
time-dependence from the frequency oscillation of the pulse is known as the t− t ′ formalism, and it is
employed to describe the time-evolution of the system in a Floquet-like basis for non-periodic pulses [36,
38–41]. For a fixed A(t ′), the expansion over the Fourier harmonics is defined in the usual way

Hmn (t
′) =

1

T

ˆ
T
dt
[
H0

(
kx,ky

)
+V(t, t ′)

]
ei(m−n)ωt −mh̄ωδm,n , (6)

wherem,n are integers corresponding to the harmonic indices of the Fourier expansion. The
Floquet–Fourier Hamiltonian is then obtained by writing the former equation in a matrix form as

HF (k,A(t
′)) =



. . . Q(A(t ′)) 0
Q† (A(t ′)) H0 (k)+ h̄ω Q(A(t ′)) 0

0 Q† (A(t ′)) H0 (k) Q(A(t ′)) 0
0 Q† (A(t ′)) H0 (k)− h̄ω Q(A(t ′))

0 Q† (A(t ′))
. . .

 , (7)

where the term that couples the Fourier replicas is the one of a monochromatic field and it is given as

Q(A(t ′)) =
ev

2
√
1+ ε2

A(t ′)
(
τσx + εσy

)
s0e

−iφ . (8)

The solution of the eigenvalue problem for HF (7) for a fixed A(t ′) gives the Floquet quasi-energies

ξ
(m)
b (k,A) and the Fourier modes |u(m)

b (k,A)⟩, with b= {c↑, c↓,v↑,v↓} denoting the four bands of the model
andm the Fourier component. The quasi-energies and the Floquet–Fourier modes define the so-called
instantaneous Floquet basis

|ϕFb (k, t)⟩= e−iξb(k,A)t/h̄ |ub (k,A, t)⟩ , (9)

where the amplitude A= A(t ′), the quasienergy is fixed by limA→0 ξb(k,A)→ Eb(k) , and

|ub (k,A, t)⟩=
∞∑

m=−∞
e−imωt |u(m)

b (k,A)⟩ . (10)

The Fourier components u(m)
b in (10) can be used to define the time-averaged spectral function ρ(k,E). For a

fixed amplitude A, i.e. for a perfectly periodic Floquet system, this quantity is given by

ρ(k,E) =
∑
α

⟨u(m)
b (k)|u(m)

b (k)⟩δ (ξb +mh̄ω− E) . (11)

The time-averaged spectral function for MoS2 is represented in figure 2(a) in the limit of a small amplitude
pulse. For later use, it is convenient to define the double index α≡ (b, l) that labels the band b and the replica
l, and the following quantities

ξα (k,A)≡ ξb (k,A)+ lh̄ω , (12a)

|uα (k,A, t)⟩ ≡ eilωt|ub (k,A, t)⟩ . (12b)

An example of the replicas appearing in the Floquet spectra is shown in panel 1(c), where the two replicas
withm=±1 are represented for a fixed amplitude.

The t− t ′ formalism consists in mapping the time-evolution of the time-dependent Schrödinger
equation (TDSE) for the full Hamiltonian (3a) given by

ih̄
d

dt
|ψ (k, t)⟩=H (k, t) |ψ (k, t)⟩ , (13)

to the instantaneous Floquet basis by writing the solution as:

|ψ (k, t)⟩=
∑
α

Cα (k, t) |uα (k,A(t) , t)⟩ , (14)

4
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where the coefficients Cα satisfy

ih̄
dCα (k, t)

dt
=
∑
β

Htt ′

αβ (k,A(t)) Cβ (k, t) , (15)

with

Htt ′

αβ (k,A(t))≡ δαβξα (k,A(t))− ih̄
dA

dt
Gtt ′

αβ (k,A(t)) , (16a)

Gtt ′

αβ (k,A(t))≡
1

T

ˆ
T
dt ′⟨uα (k,A(t) , t ′) |∂A|uβ (k,A(t) , t ′)⟩ . (16b)

Here, ∂A = ∂/∂A. The instantaneous Floquet states in (16b) are assumed to be differentiable, and we
chose the gauge of the parallel transport over the states by setting ⟨uα(A, t)|∂A|uα(A, t)⟩= 0. It is important
to note that, being equivalent to the solution of the TDSE, the t− t ′ formalism extends beyond the Floquet
adiabatic approximation. However, it fails to accurately capture the system’s dynamics when the
instantaneous Floquet basis cannot be consistently defined within the parallel transport gauge. This
limitation arises in systems where spectral degeneracies cannot be factorized consistently across all amplitude
regimes. More details about the implementation of the t− t ′ formalism can be found in [41].

Finally, to relate the calculated coefficients to an observable quantity, we define the integrated power over
time of the Cα(k, t) coefficients as

P(Ω) =

ˆ
dk

ˆ
dt
∑
α

|Cα (k, t) |2L(Ω,εα,Γ) , (17)

where we are integrating in a time-window such that the amplitude A> Amin, with Amin being a numerical
cutoff. In the previous expression L(z,z0,Γ) is the Lorentzian function defined as:

L(z,z0,Γ) =
1

π

Γ

(z− z0)
2
+Γ2

. (18)

As a reference of the initial state, we define the limit of P(Ω) integrated for A0 → 0 or, equivalently, fixing the
limit of δ(t− t0) and employing (14). In this limit, we obtain

P0 (Ω) =

ˆ
dk

ˆ
dt

∑
α

|Cα (k, t)|2L(Ω,εα,Γ)δ (t− t0)

=
∑
α

ˆ
dk |⟨uα (k)|ψ (k, t= t0)⟩|2L(Ω,εα,Γ) . (19)

The quantity P0(Ω) concerns the initial distribution of replica weights given an initial state ψ0 and it can be
employed as a comparison with P(Ω), which accounts for the weights after the pulse has been applied to the
system.

Finally, to quantify the effect of the pulse polarisation, we analyse the CD of this integrated
power [45, 46]:

CD(Ω) =
|Pœ| − |Pö|
|Pœ|+ |Pö|

, (20)

where the superscript stands for light polarisation, being ε=+1 the right-handed (œ) and ε=−1 the
left-handed (ö) light polarisation.

In this work, and for all subsequent numerical simulations, we consider molybdenum disulphide (MoS2)
as the material platform. The adopted parameters are: Fermi velocity h̄v= 3.512eVÅ, bandgap∆= 1.66eV,
and spin–orbit coupling λ= 0.15eV [47]. The driving frequency is set to f = ω/2π = 240THz,
corresponding to a photon energy h̄ω = 1eV. If not stated otherwise for the integrated power P(Ω) the
cut-off amplitude employed is Amin/(h̄ω) = 0.01. We employ a maximum pulse amplitude Amax ranging
from 0.7 to 1 h̄ω. These amplitudes correspond to peak electric fields Emax between 2 to 2.8 V nm−1, and
peak intensities Imax in the range (5.3–10)×1011Wcm−2.

We have not taken into account phonon and other decoherence effects in our model. As mentioned in the
Introduction, the observation of Floquet sidebands require that dephasing mechanisms be slower than the
electron-field dynamics. Through weak localisation measurements, a phase coherence time of 0.8 to 2 ps was
reported in bilayer MoS2 [48] while the electronic dynamics at strong fields is much faster, of the order of fs.

5
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Figure 2. Floquet spectrum for a fixed pulse amplitude Ax = Ay = 0 in panel (a) and Ax = Ay = 2.5v/ω in panels (b) and (c).
The valleys are indicated on top of the figure, both inequivalent valleys τ =±1 are considered. The colour code corresponds to
the time averaged DOS ρ(E) computed according to (11). The pulse polarisation is set to a right-handed circular polarisation,
i.e. setting ε=+1 in (3b). The spectra are plotted for ky = 0.

3. Results and discussion

First, we briefly analyse the effect of the circularly polarised pulse on the valleys in the case of a constant
amplitude. To show the distinct behaviour of τ =±1 valleys, we fix the external pulse to a right-handed
circularly polarised monochromatic field, i.e. setting ε= 0 in (3b). The results for MoS2 are shown in figure 2,
where the time-averaged density of states ρ(E) from (11) is computed for a fixed amplitude A. The dichroism
is visible in the distinct spectral features between the K (τ =+1) and K’ (τ =−1) valleys, as evidenced by the
contrast in the bandgap magnitudes appearing between Floquet replicas in figures 2(a) and (b). Specifically,
the valley with chirality aligned to the pulse’s handedness, in this case τ =+1, exhibits significantly larger
pulse-induced gaps. For the other valley, the spectral population is displaced to the replicas, but the Floquet
quasienergies are not dramatically modified by the pulse, compare panel 2(b) with the spectrum for A= 0 in
panel 1(c). However, even if the gaps in the τ =−1 are almost negligible, it is important to stress that, due to
the form of the time-dependent perturbation, V(t) and the unperturbed HamiltonianH0 do not commute
and hence all band crossings between replica bands are avoided. The commutator is in fact given by

[H0,V(t)] = i
ev√
1+ ε2

A(t)
{
2h̄vτ

[
kxε sin(ωt+φ)− ky cos(ωt+φ)

]
σ̂z ⊗ ŝ0

+
[
τ cos(ωt+φ) σ̂y − ε sin(ωt+φ) σ̂x

]
⊗ [∆ŝ0 −λτ ŝz]

}
, (21)

and hence it is generally non zero.
Next, we consider a finite pulse with Gaussian envelope given by (4). Within the t− t ′ formalism, the

time-dependent Floquet spectra are computed in figures 3 and 4 for the two valleys τ =±1 and fixed
right-handed circular polarisation, i.e. ε=+1 in (3b). The time-dependent Floquet spectrum at time t
resembles the corresponding time-periodic Floquet spectrum for constant amplitude A(t). Therefore, the
gapped structure between replicas is indeed enhanced only for the valley τ =+1 in figure 3. For τ =−1 the
bands are displaced and renormalised by the pulse even if the gaps between replica bands are almost
negligible, see figure 4. The figures include in colour code the expansion coefficients Cα(k, t) for some
selected times. Since |Cα(k, t)|2 is related to the occupation of the Floquet replicas, it can be seen that the
valley in which the chirality matches the polarisation of the pulse, in this case τ =+1, the distributions of
Cα(k, t) coefficients achieve higher replica bands. Thus, the effect of the pulse when polarised in the valley
direction is enhanced not only at the level of the appearance of gaps in the spectrum, but also in terms of
populating higher replica states. The additional figures S4 and S5 in the supplemental material show
additional time snapshots for completeness. The code for the calculations is available in the repository [49].

So far, we have discussed the impact of a fixed pulse on the two inequivalent valleys. However, a more
convenient way of exploiting the effect of the external perturbation is to vary the external pulse itself so that
the dynamics of the states can be tuned at will. In the case of the Gaussian pulse considered, the three
parameters that can be modified are the Gaussian width γ, the CEP φ and the ellipticity angle χ. From
equations (3b) and (1), it can be seen that the Hamiltonian (3a) is invariant under the following
transformation

6
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Figure 3. Time-dependent Floquet spectra for the valley τ =+1 under a finite-pulse with right-handed circular polarisation
(ε=+1) and Gaussian envelope centred at t0 = 0 with a width γ = T, where T is the pulse period. The spectra are shown for
t/T= {−2,−1,0,0.6} in panels (a), (b), (c) and (d), respectively. We consider as initial state a fully occupied valence band with
spin up |v0↑⟩ and a maximum amplitude A0v/ω = 3.5. The colour code corresponds to |Cα(k, t)|2.

Figure 4. Same magnitudes as in figure 3 for the valley τ =−1 considering as initial state |ψ0⟩= |v0↓⟩. The rest of the parameters

are the same as in figure 3.

τ →−τ , χ →−χ , kx →−kx sz →−sz .

Thus, the exchange of the valley index is equivalent to inverting the pulse polarisation, as well as the
momentum kx and the spin of the state. For this reason, in the following, we discuss the influence of the
pulse parameters for a fixed valley polarisation τ =+1, recalling that the results are equivalent for τ =−1
upon the transformation above mentioned.

The evolution within the t− t ′ formalism of a single (kx,ky)mode at fixed valley τ =+1 is shown in
figure 5 for different values of the width of the Gaussian envelope γ, corresponding to the columns of the
figure. The initial state considered is ψ0 = |v0↑⟩, corresponding to the spin-up valence state of the
unperturbed Hamiltonian. The time-dependent Floquet quasi-energies are shown in panels 5(a)–(c), the
squared probability amplitudes of the expansion coefficients C(b,l) in panels 5(d)–(f), and a comparison
between the time evolution obtained via the t− t ′ formalism and the direct integration of the TDSE is
plotted in 5(g)–(i). The widths of the pulse are γ/T= {0.5,1.0,1.5}. For each pulse width γ, we observe the
same qualitative evolution of the band populations, with the overall duration of these dynamics increasing as
γ becomes larger, compare panels 5(d)–(f). The finite pulse does not mix spin states, and the distribution of
Floquet replicas causes the system to alternate between conduction and valence states. Furthermore, as
shown in figure 5, the width of the pulse also modifies the final state, while the specific Floquet replicas
involved remain fixed by the maximum amplitude A0 and the frequency ω, which determine the structure of
the Floquet couplings and are unchanged for the three cases considered.

The comparison of the three pulse lengths in figure 5 is a clear example of the advantage of employing the
t− t ′ formalism to describe the dynamics of Hamiltonians with an underlying Floquet-like structure. In fact,
by employing the Floquet picture, the system’s evolution can be understood as a superposition of states with
energies E= ξb +mh̄ω which are populated according to the evolution of the Gaussian envelope. By
analysing panels 5(d)–(f) we can distinguish mainly two regimes in the evolution as a function of time:

7



J. Phys. Mater. 8 (2025) 035005 A S Gómez et al

Figure 5. For τ =+1 and right-handed polarisation we evaluate the time evolution of a single v/ω(kx,ky) = (0.2,0)mode,
initialised in the state |v0↑⟩ of the unperturbed Hamiltonian. The width of the pulse is varied as γ/T= {0.5, 1.0, 1.5}. Panels (a),
(b) and (c) show the Floquet spectra; panels (d), (e) and (f) display the squared probability amplitudes of the coefficients C(b,l);
and panels (g), (h) and (i) compare the time evolution derived from the t− t ′ formalism to that obtained from the direct
integration of TDSE, expressed in the orbital basis. The maximum amplitude is set to A0v/ω = 2.5.

• the adiabatic phase acquisition within the same Floquet replica given by the diagonal term. The adiabatic
phase acquisition corresponds to the plateaus regions in the |C(b,l)| coefficients as a function of time, since
the adiabatic phase acquisition is not visible in the absolute value of the expansion coefficients:

• the non-adiabatic transition between replicas, which correspond to the fast transitions between different
|C(b,l)| coefficients. This second scenario is obtained in correspondence with avoided crossings of the time-
dependent Floquet quasienergies, see panels 5(a)–(c). Formally, in the t− t ′ formalism, the non-adiabatic
transitions are obtained when the term Gtt ′

αβ(k,A(t)) leads the time-evolution in (15).

Hence, increasing the pulse amplitude broadens these plateaus, reflecting the extended time during which
the system stays in a given Floquet-like state. Finally, it is important to stress that the evolution in the t− t ′

formalism is indeed equivalent to the solution of the TDSE, as it can be seen by the comparison of the lower
panels of figure 5. In the ψ(t) expressed in the orbital bases, the interference generated by the pulse can be
seen in the oscillatory pattern as a function of t, which clearly shows distinct frequency regions. These
distinct frequency regions correspond to the plateaus in panels (d)–(f), so that the change in the oscillation
pattern of ψ(t) in panels (g)–(f) can be explained by the time-dependent Floquet evolution of the expansion
coefficients C(b,l).

Examining the dependence on the CEP φ provides additional insight into the preceding discussion,
specifically by elucidating the different regimes delineated within the t− t ′ framework. To understand this
dependence, we first note that equation (8) shows that φ enters the coupling only through an overall factor
exp(−iφ) that multiplies the coupling term Q between first-neighbours Fourier replicas. For a
time-independent amplitude this phase can be removed by a gauge transformation, so that the static Floquet
quasienergies ξα are indeed independent of the CEP.

In the t− t ′ formalism, the envelope A(t) changes with time and the gauge cannot be chosen
simultaneously at all instants, so the CEP reappears in the non-adiabatic term Gtt′

αβ in equation (16b). The
CEP phase does not affect the Floquet quasi-energies ξα, since the spectra of (7) is independent of the
hopping phase between Floquet replicas. However, the CEP does affect the time evolution of the expansion
coefficients Cα via a phase acquisition. This accumulated phase is not visible in the absolute values of |Cα|,
but it is indeed obtained within the t− t ′ formalism and it affects the time-dependent occupation of the
orbitals, as shown in figure 6. In this sense, the CEP is a clear example of how the t− t ′ formalism separates
the contributions to the time evolution: the adiabatic phase acquisition due to the time-independent
Hamiltonian given by the diagonal term in equation (16a), the CEP phase acquisition related to the
non-adiabatic term Gtt′

αβ in equation (16b) and the magnitude of the expansion coefficient |Cα| that can be

8
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Figure 6. Time evolution of a single v/ω(kx,ky) = (0.2,0)mode, initialised in the state |v0↑⟩ of the unperturbed Hamiltonian. We

show the CEP φ dependence for φ = {0,π/2,π} in (a)–(c), respectively. The maximum amplitude is set to A0v/ω = 2.5. The
width of the pulse is fixed to γ/T= 1.0, τ =+1 and right-handed polarisation is considered. .

Figure 7. Squared amplitudes of the non-zero conduction and valence band coefficients |C(b,l)(t)|2 as a function of the ellipticity

angle χ for a single mode v/ω(kx,ky) = (0.2,0), at τ =+1 valley and initialised state of |v0↑⟩. Panel (a) shows the final-state
amplitudes at t= tf. Panel (b) shows the amplitudes at the Gaussian peak time t= 0. The pulse width is fixed at γ= 1 and
maximum amplitude A0v/ω = 2.5.

interpreted as an occupation of the Floquet replicas. A more detail analysis of the phase evolution is included
in the supplemental material S3.

In figure 7 we analyse the dependence on the ellipticity angle. For the sake of concreteness, we show the
results for the same (kx,ky)mode described earlier, this time fixing the pulse width to γ= 1 and varying the
ellipticity angle χ. In panel 7(a), we plot the final-state expansion coefficients |C(b,l)(tf)|2 for a state initialised
in |v0↑⟩ of the unperturbed Hamiltonian. In the limiting case of χ =−π/4 (left-handed polarisation), the
state returns to the initial state, consistently with the left-handed polarisation not matching the chirality of
the τ =+1 valley and hence not hybridizing the Floquet replicas. In the case of the right-handed
polarisation, i.e. for χ = π/4, the state is driven back to the initial valence state with high, but not unit,
probability. Part of the occupation is indeed displaced to the conduction replica (c↑,−4). This result is
consistent with the right-handed polarisation matching the chirality of the τ =+1 valley and hence
generating a stronger coupling between replicas and wider gaps between conduction and valence sidebands.
Interestingly, as χ deviates from these limiting left and right-handed cases, the transition to this lower
conduction-band replica (without spin flipping) is increased, demonstrating the capability to select
particular final states simply by adjusting the ellipticity angle.

We note that the driving field itself is symmetric under the exchange of the ellipse’s long and short axes
χ → π/2−χ. For modes that share the same on-plane symmetry (kx = ky) this implies
|C(b,l)(χ)|2 = |C(b,l)(π/2−χ)|2. The mode used in figure 7 is (kx,ky) = (0.2,0)ω/v and hence breaks that
symmetry, so the obtained occupations are asymmetric around χ = π/4. For a mode with equal kx = ky the
symmetry is restored, as shown in the supplemental material S6.

In figure 7(b) we show the same squared amplitudes at the time of maximum pulse amplitude, t= 0,
corresponding to the peak of the Gaussian envelope. Here, the effect of the light’s chirality on the final state
becomes more pronounced. When the ellipticity angle χmatches the valley chirality ε= 0, the system is
driven to an excited valence state. Conversely, for the opposite polarisation, a conduction state is induced,
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Figure 8. Integrated power P(Ω) for a fixed valley τ =+1 and pulse amplitude A0v/ω = 2.5 . The dotted line P0(Ω) indicates
the initial distribution of replicas before applying the pulse. Panels (a) and (b) compare different initial states for right-handed
(ε=+1) and left-handed (ε=−1) circular polarisation, respectively.

Figure 9. Circular dichroism CD(Ω) according to equation (20) for τ =+1 and A0v/ω = 2.5. Each curve corresponds to a
different initial state indicated in the legend.

once again illustrating the ability to control and select the evolution of the states and the transitions between
sidebands via the ellipticity angle of the incident light.

To gain insight into the distribution for all k-modes, we evaluate P(Ω), defined in equation (17), by
integrating over all kx momenta and times. We consider a fixed valley τ =+1 and a pulse amplitude
A/(h̄ω) = 0.7. The dotted curve P0(Ω) indicates, as a reference, the initial distribution before the pulse is
applied. In figure 8(a), we present the integrated power for several initial states when the polarisation of the
pulse matches the chirality of the chosen valley. In addition, in figure 8(b), the polarisation is opposite to the
valley chirality. When the polarisation and valley chirality coincide, figure 8(a), P(Ω) displays broader
distributions in higher-energy (Floquet) replicas, indicating that higher sidebands are excited, along with a
noticeable finer structure created by the wider gaps arising between sidebands. Conversely, for opposite
chirality and polarisation, in figure 8(b), the system does not populate higher replicas so effectively and the
structure of the peaks is broader, indicating that the gaps between sidebands are almost zero.

Finally, the CD is computed in figure 9 using (20) for the valley τ =+1. Due to symmetry, an equivalent
result holds for the other valley upon reversing the circular polarisation direction. We observe several
pronounced peaks in CD(Ω) that are a signal of the difference in the structure of the gaps between replicas
and the population of (and transitions to) higher-energy states under right-handed versus left-handed
circular polarisation. The sign of the peaks indicates which polarisation is more strongly coupled as a
function of the energy, reflecting the selective excitation of states with matching valley chirality. Thus, the
appearance and magnitude of these CD peaks highlight how polarisation control can be leveraged to
manipulate valley-selective processes and tune the occupation of higher Floquet sidebands even if
finite-short pulses are employed.
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4. Conclusions

In this work we have studied the effect of short pulses of radiation on single-layer TMDs. In particular, we
examine pulses that can be described by two well-separated time-scales, one corresponding to the envelope
of the amplitude and another related to the fast oscillations, which we consider of a fixed frequency ω.
Employing the two time-scales, a time-dependent Floquet theory, called Floquet t− t ′, can be formulated
such that the Floquet states for each time-dependent amplitude value are employed as a basis to solve the
time evolution of a given initial state. Within this formalism, the dynamics of the states can be interpreted in
a time-dependent Floquet expansion, such that the evolution can be divided into two main regimes: the
adiabatic acquisition of a phase and the non-adiabatic transition between Floquet sidebands. For the pulse
amplitudes considered here, we find that the Floquet t− t ′ formalism can be successfully employed even for
pulses with few oscillations within the envelope function.

Regarding the results for the TMDs under circularly polarised irradiation, we have shown that the
ellipticity angle χ can be employed to manipulate valley-selective processes related to the occupation of
Floquet sidebands. In fact, if the polarisation matches the valley handedness, the Floquet sidebands are
strongly coupled and quantities such as the integrated power P(Ω) or the CD(Ω) show a structured peak
shape as a function of the energy, corresponding to the induced gaps between sidebands, as well as the
displacement of the population from the initial state to the higher Floquet replicas. In this way, the external
pulse parameters, such as the pulse width or the ellipticity angle, can be employed to obtain valley-selective
dynamics of the states and to probe the dichroic nature of these materials.
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