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a b s t r a c t
We study the dynamics of an electron wave-packet in a two-dimensional square lattice with an aperiodic
site potential in the presence of an external uniform electric ﬁeld. The aperiodicity is described by m =
νy
ν
V cos(π αmx x ) cos(π αm y ) at lattice sites (mx , m y ), with π α being a rational number, and νx and ν y
tunable parameters, controlling the aperiodicity. Using an exact diagonalization procedure and a ﬁnitesize scaling analysis, we show that in the weakly aperiodic regime (νx , ν y < 1), a phase of extended
states emerges in the center of the band at zero ﬁeld giving support to a macroscopic conductivity in the
thermodynamic limit. Turning on the ﬁeld gives rise to Bloch oscillations of the electron wave-packet. The
spectral density of these oscillations may display a double peak structure signaling the spatial anisotropy
of the potential landscape. The frequency of the oscillations can be understood using a semi-classical
approach.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
Materials with restricted geometry, such as semiconductor
quantum-well structures [1], quantum dots and wires [2,3], organic
thin ﬁlms [4] as well as quasiperiodic structures [5], are nowadays
subjects of growing interest from both fundamental and practical
points of view. An attributive peculiarity of almost all of them is
the presence of disorder, which can be both of an intrinsic nature (imperfections of the structure itself) and originated from a
random environment.
Whenever disorder is involved, Anderson’s ideas about localization of quasiparticles states come into play [6]. In three dimensions
(3D), the states at the center of the quasiparticle band remain extended for a relatively weak disorder (of magnitude smaller than
the bandwidth), while the other states (in the neighborhood of the
band edges) turn out to be exponentially localized. This implies
the existence of two mobility edges which separates the phases
of extended and localized states [7]. On the contrary, uncorrelated

*

Corresponding author.
E-mail address: adame@ﬁs.ucm.es (F. Domínguez-Adame).
1
On leave from V.A. Fock Institute of Physics, St. Petersburg University, 198904
St. Petersburg, Russia.
0375-9601/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.physleta.2008.09.019

disorder of any magnitude causes localization of all one-particle
eigenstates in one dimension (1D) [8] and two dimensions (2D) [9].
Since late eighties, however, it has been realized that extended
states may survive on 1D systems if the disorder distribution is
correlated [10–18]. Thus, a short-range correlated disorder was
found to stabilize the extended states at special resonance energies. In the thermodynamic limit, such extended states form a
set of null measure in the density of states [10–14], implying the
absence of mobility edges in these systems. In contrast, systems
with long-range correlations of disorder support a set of delocalized states within a ﬁnite bandwidth [15,16], giving rise to mobility
edges. Theoretical predictions of localization suppression on 1D
geometries, due to correlations of the disorder distribution, were
conﬁrmed experimentally in semiconductor superlattices with intentional correlated disorder [17], as well as in single-mode waveguides with correlated scatterers [18].
Among 1D models with extended states, aperiodic Anderson
models [19] with an incommensurate site potential represent a
class of particular interest. These models have been extensively investigated in the literature [19–23], and the localized or extended
nature of the eigenstates has been related to general characteristics of aperiodic site-energy distributions. Interesting realizations
of this kind of distribution are achieved when weakly aperiodic
potentials are considered: these systems support the occurrence of
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mobility edges, in a close analogy with the standard 3D Anderson
model [19].
A key question in any general theory of aperiodic systems is
the relationship between a given aperiodic site-energy distribution and physical properties of the system. Nowadays, the solution
of this problem is still lacking [24]. Nevertheless, some important
results have been obtained concerning the dynamics of elementary excitations, like electrons, phonons, excitons, polaritons, spin
waves, plasmons or magnons, propagating through different classes
of aperiodic lattices [5,25–27]. In these studies, relevant physical
properties were analyzed in terms of appropriate model Hamiltonians.
Recently, the dynamics of a single electron in homogeneous
systems subjected to a uniform static electric ﬁeld has received
much attention. Under this constraint, the electron undergoes the
so-called Bloch oscillations [28–32], whose amplitude is proportional to the energy bandwidth. Electronic Bloch oscillations were
observed for the ﬁrst time in semiconductor superlattices [33] (see
Ref. [34] for an overview). A similar phenomenon of sustained
oscillations of the electromagnetic ﬁeld, named photon Bloch oscillations, have been also found in 2D waveguide arrays and optical
superlattices based on porous silicon [35]. In disordered systems,
Bloch oscillations were predicted to occur in both 1D [36] and 2D
[37] geometries whenever the disorder distribution is long-range
correlated. The amplitude of the oscillations was found to carry
information about the energy difference between the two mobility
edges, existing in these systems. The occurrence of Bloch oscillations was also theoretically argued for 1D chains with aperiodic
slowly varying potentials [38]. A spectroscopic manifestation of
Bloch oscillations is found in the appearance of the Wannier–Stark
ladder in the absorption spectrum [39].
In this Letter, apart from the generalization of the previous
work [19], done for a 1D system, to a 2D system, we consider
an electron subjected to an external uniform electric ﬁeld. The
latter brings new features to the electron wave packet dynamics
moving in incommensurate potential. In particular, despite a quasistochasticy of the system, sustained Bloch oscillations can be observed, previously believed to exist only for a periodic structures.
In order to produce an aperiodic (2D) site potential, the formalism used in Ref. [19] was considered. It consists in using a sinusoidal function whose phases φx and φ y varies as a power-law. The
power-law exponent controls the degree of aperiodicity in the site
potential. We start by employing an exact diagonalization formalism to compute the dc conductance and participation number in
the absence of the electric ﬁeld. We numerically demonstrate that
their size behavior is consistent with the existence of extended
states near the band center for weakly aperiodic potentials. In this
regime, the wave-packet dynamics becomes ballistic. Furthermore,
we focus on the wave-packet dynamics in the presence of an external uniform electric ﬁeld. We show that in the limit of a weakly
aperiodic site potential, the electric ﬁeld promotes sustained Bloch
oscillations of the electronic wave-packet. The frequency of these
oscillations can be understood within the framework of a semiclassical approach.
The outline of the Letter is as follows. In Section 2 we present
our model and quantities of interest. In Section 3, the results of the
numerical simulations of the dc conductance, participation number
and electronic wave-packet dynamics are discussed. We summarize
in Section 4.
2. Model and formalism

H=
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(m + U · m)|mm|
m

+ J




|mn| + |nm| ,

(1)

mn

where |m is a Wannier state localized at site m = mx e x + m y e y ,
m is its energy, and U = e F a is the energetic bias given by the
electric ﬁeld F , −e being the electron charge. Here e x and e y are
the corresponding Cartesian unit vectors. We will assume that the
electric ﬁeld F is applied
along the diagonal of the square lattice,
√
i.e., U = U (e x + e y )/ 2, were U is the bias. Transfer integrals are
restricted to the nearest-neighbor interaction and are given by J .
Hereafter, the energy scale is ﬁxed by setting J = 1.
The 2D aperiodic potential m is taken in the form:







ν 

m = V cos παmνx x cos παm yy ,

(2)

where V , α , νx , and ν y are variable parameters.
Eq. (2) is a 2D generalization of the aperiodic 1D potential
introduced by Das Sarma et al. [19]. In 1D and at ν = 1, this potential represents just Harper’s model. In this case, a rational α
describes a crystalline solid, whereas an irrational α yields an incommensurate potential. It was shown in Ref. [21] that for ν > 1
all one-electron states are localized. In this regime, the frequency
of the potential oscillations diverge in the thermodynamic limit,
resulting in a fairly uncorrelated sequence of the on-site energies.
Because of that, this case is usually named as the pseudo-random
regime. Oppositely, it was demonstrated that the range 0 < ν < 1
supports a phase of extended states in the neighborhood of the
band center [19]. In contrast to the pseudo-random regime, it is the
average wavelength of the potential oscillations that diverges in
the thermodynamic limit. Because of the slower divergence of the
oscillation wavelength, this regime is usually named as weakly aperiodic. The uniform case is recovered at ν = 0. Recently, the effect
of this kind of aperiodicity on the phonon and magnon 1D modes
has attracted a renewed interest [26,27].
The time-dependent Schrödinger equation governs the dynamics of the Wannier amplitudes [41],
i ψ̇m = (m + U · m)ψm

+ (ψm+e x + ψm−e x + ψm+e y + ψm−e y ),

(3)

where the Planck constant h̄ is set to unity.
We solve numerically Eq. (3) to study the time evolution of an
initially Gaussian wave-packet centered at site m0 ,



(m − m0 )2
,
ψm (t = 0) = A exp −
42

(4)

where A is the normalization constant and we set  = 1 hereafter.
Once Eq. (3) is solved for the initial condition (4), we compute the
projection of the mean position of the wave-packet (centroid) and
the average velocity v (t ) along the ﬁeld direction


1 
R (t ) = √ mx (t ) + m y (t ) ,
2
v (t ) = −2



 ∗

∗
ψm (t ) ψm
+e x (t ) + ψm+e y (t ) ,

(5)

m

as well as the spread of the wave-function (square root of the
mean-square displacement)

σ (t ) =



2

m − m(t )

2

ψm (t ) ,

(6)

m

We consider a tight-binding single electron Hamiltonian on a
regular 2D open lattice of spacing a with an aperiodic site potential
and a uniform static electric ﬁeld [32,40]

where m(t ) = m m|ψm (t )|2 .
In addition, we use the exact diagonalization of the Hamiltonian (1) in the absence of the electric ﬁeld (U = 0) to obtain the
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Fig. 1. (a) Averaged dc conductance G, Eq. (9a), and (b) averaged participation number ξ , Eq. (9b), versus the exponent ν = νx = ν y calculated for different system sizes N.
The average was performed considering a narrow range of potential amplitudes ( V = 0.05) to reduce statistical ﬂuctuations.

eigenvalues and eigenvectors, and to calculate the dc conductance
G ( E ) as a function of energy E. For noninteracting electrons and
within the linear response theory at T = 0 K, G ( E ) is given by the
Kubo–Greenwood formula [42] (in units of e 2 /h̄)
G(E) =

2π 

Ω

2

a|xH − H x|b δ( E − E a )δ( E − E b ).

(7)

a,b

Here, the polarization is taken in the direction of the x-axis, Ω is
the area of the system, x is the position operator, and the indices
a and b label the eigenstates. We also compute the participation
number of a normalized eigenstate as follows
P (E) =



ψm ( E )

4

−1
.

(8)

m

For extended states, P ( E ) is expected to scale linearly with the
number of sites. More speciﬁcally, we will focus on the dc conductance and the participation number near the band center, averaged
over a narrow energy stripe at the band center [− W c /2, W c /2]:
G=

ξ=

1
NE
1
NE



G ( E ),

(9a)

P ( E ),

(9b)

Fig. 2. Finite size scaling of the normalized participation number ξ/ N 2 for the states
in the vicinity of the band center calculated for various values of the exponent ν
(shown in the legend). The inset presents the ﬁnite-size scaling of the normalized
conductance G / N. The different character of the ﬁnite-size scaling of both quantities
on increasing the exponent ν signals the change in the nature of electronic states
in the band center from delocalized (ν < 1) to localized ones (ν > 1).

| E |< W c /2


| E |< W c /2

where N E is the number of eigenstates within the stripe.
3. Results and discussion
In all our numerical simulations, we set the parameters V and

πα of the aperiodic potential to V = 3 and πα = 1, while considering the exponents νx and ν y as variables. When calculating G ( E ),
Eq. (7), the δ -functions were replaced by δ( E ) = (1/ E )Θ( E /2 −
| E |), with  E = 0.1, Θ being the Heaviside step-function. The

magnitude of the energy stripe in Eqs. (9a) and (9b) was chosen
W c = 0.2.
3.1. Zero-ﬁeld electronic states
Firstly, we discuss the character of the electronic states of the
model under study. Fig. 1(a) displays the averaged conductance G
at the band center (E = 0) as a function of ν ≡ νx = ν y , obtained
after numerical diagonalization of the Hamiltonian (1) in the absence of the external electric ﬁeld (U = 0). To avoid strong ﬂuctuations of the conductance related to particular realizations of the
aperiodic potential, we further averaged the results over a narrow
range of potential amplitudes ( V = 0.05). As we observe from
Fig. 1(a), for a slowly varying aperiodic site potential (νx , ν y < 1)

the conductance grows on increasing the system size. This is a signature of macroscopic conductance in the thermodynamic limit.
In contrast, the conductance is almost null for a pseudo-random
potential (νx , ν y > 1), in agreement with previous calculations for
localized eigenmodes [42]. A similar trend is found in the behavior
of the averaged participation number ξ , as shown in Fig. 1(b). For
weakly aperiodic potentials, ξ grows with the system size, while it
becomes size independent for strongly aperiodic (pseudo-random)
systems.
The correlations found in the behavior of the averaged conductance G and the participation number ξ as a function of the exponent ν indicate that the model under study undergoes a metalinsulator transition associated with a change in the nature of the
one-electron eigenstates. To give further support to this ﬁnding,
we performed a ﬁnite-size scaling analysis of these two quantities.
In Fig. 2 we plotted the size dependence of the normalized participation number ξ/ N 2 for various values of the exponent ν . As
it can be noticed, ξ/ N 2 does not depend of N in the regime of
weak aperiodicity (ν < 1), i.e., the participation number itself ξ is
proportional to the total number of sites N 2 . This is a clear indication that the eigenstates at the band center are delocalized over
a ﬁnite fraction of the lattice. On the contrary, for strong aperiodic
potentials (ν > 1), ξ/ N 2 decreases with the system size, signaling
the wave-function localization. The size dependence of the normalized conductance G / N in the center of the band, shown in the
inset of Fig. 2, corroborates the conclusion above. In the slowly
varying aperiodic regime G ∝ N leading to a macroscopic trans-
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Fig. 3. The normalized wave-packet spread σ (t )/ N, Eq. (6), as a function of the re-scaled time t / N computed for lattices of N × N = 200 × 200 to 800 × 800 sites at zero
bias (U = 0). (a) A slowly varying (weakly aperiodic) site potential (νx = ν y = ν = 0.5). The collapse of all curves into a unique curve until σ (t )  N indicates the presence of
non scattered extended states. (b) A pseudo-random potential (νx = ν y = ν = 1.5). A similar collapse is absent, signalling localization. (c) Time dependent participation ξ(t )
number versus time t computed for N × N = 1600 × 1600 and νx = ν y = ν = 0.5 (solid line) and νx = ν y = ν = 1.5 (dashed line). In agreement with the wave-packet spread
calculations, the participation number spreads ballistically (ξ(t ) ∝ t 2 ) for ν < 1 indicating the presence of non scattered modes.

port supported by extended states. Such a behavior is expected
for a regular square lattice, where the conductance at the band
center should be proportional to the number of conducting channels, i.e., to the linear size of the lattice N. In the limit of strongly
aperiodic lattices, the normalized conductance decreases with the
system size, thus indicating the absence of macroscopic transport
in the thermodynamic limit. This is in agreement with the standard scaling theory of Anderson localization [9].
3.2. Dynamics
We also study the time evolution of a wave-packet initially
localized in the center of the lattice, m0 = ( N /2, N /2), to uncover the character of the electronic wave-packet dynamics in the
present model system. We start our analysis analyzing the wavepacket dynamics in the absence of the external ﬁeld (U = 0).
We numerically integrate the wave-equation (3) and calculate the
wave-packet spread σ (t ) until it reaches a stationary value as a
result of multiple reﬂections of the electron on the lattice boundaries. The extended states that appear in this model emerge in
the regime at which the potential has a diverging wavelength in
the thermodynamic limit. These are typically non scattered modes
thus leading to a ballistic wave-packet spread, σ (t ) ∝ t. This means
that, as long as σ (t )  N, the data points calculated for different
system sizes N should collapse into a unique straight line after
re-scaling σ (t ) → σ (t )/ N and t → t / N. In the localized regime,
such a collapse is not expected. We further calculated the timedependent participation second moment ξ(t ) = 1/ m |ψm (t )|4 . In

general, ξ(t ) scales linearly with the number of sites whenever the
system supports extended states.
In Fig. 3, we plot the results of our calculations. For a weakly
aperiodic site potential (νx = ν y = 0.5), we found the above
mentioned collapse of all curves into a unique straight line for
σ (t )  N [see Fig. 3(a)]. This allow us to conclude that the wavepacket motion in this case has a ballistic nature, signaling the
presence of a phase of delocalized non scattered states. In the
case of a pseudo-random site potential (νx = ν y = 1.5), such a collapse is seen only for σ (t )
N [see Fig. 3(b)]: the wave-packet
motion is ballistic whenever σ (t ) is smaller than the largest localization length. For long times, a collapse is absent [see Fig. 3(b)],
indicating the wave-packet localization. In Fig. 3(c), we show results for the time-dependent participation second moment for
νx = ν y = 0.5 (solid line) and νx = ν y = 1.5 (dashed line). For
ν < 1, the participation dynamics show a ballistic behavior until the wave-packet reaches the lattice boundaries. For ν > 1 a
slower dynamics was obtained. These results are in perfect agreement with the wave-packet spread calculations, indicating the
presence of non scattered modes in the initial wave-packet only
in the regime of weakly aperiodic potentials (ν < 1). These data
corroborate our statement about the Anderson transition for the
underlined 2D aperiodic model, which we claimed in the previous
section on the basis of the ﬁnite size scaling of the conductance
G and participation number ξ for the states in the vicinity of the
band center.
Now, we turn to the wave-packet dynamics of an electron subjected to a uniform electric ﬁeld (U = 0). It is well known that in
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disorder-free systems, a uniform electric ﬁeld causes dynamic localization of the electron and gives rise to an oscillatory motion of
the wave-packet, the so-called Bloch oscillations [28,29]. The size
of the segment over which the electron oscillates and the period
of the oscillations are estimated from semiclassical arguments to
be L F = aW /U and τ B = 2π /U , respectively [43], where W is the
width of the Bloch band.
Firstly, we compute the wave-packet centroid R (t ) in a pseudorandom potential (νx = ν y = 1.5) of size N × N = 200 × 200 with
the bias magnitude U = 0.5. As deduced from Fig. 4, there is no
signature of Bloch oscillations in this case. Coherent oscillations,
which are present immediately after the initial wave-packet is released, are quickly destroyed (not shown). The asymptotic behavior
of the centroid resembles a stochastic motion around some mean
position. The Fourier spectrum R̃ (ω) of the centroid, plotted in the
right panel of Fig. 4, conﬁrms this claim. The spectrum is rather
broad, with no characteristic frequencies, indicating that R (t ) is
similar to a white noise signal. Thus, for νx , ν y > 1 the system
shows a behavior similar to the standard Anderson model, with
no signature of coherent Bloch oscillations.
In the case of a weakly aperiodic potential (νx = ν y = 0.5),
the centroid reveals an oscillatory amplitude-modulated pattern,
as seen in Fig. 5(a), (b), and (c). Its Fourier transform R̃ (ω) displays a well-deﬁned narrow peak, the location of which is slightly
deviated from the expected value ω = U (panels (d) and (e)); this
small shift is caused by the local contribution to the external bias
produced by the modulated potential. Indeed, the bias at posi-

Fig. 4. Bias driven dynamics of the centroid R (t ), Eq. (5), in a pseudo-random potential (νx = ν y = 1.5) with N × N = 200 × 200 sites and bias magnitude U = 0.5. No
signature of coherent Bloch oscillations is seen in this case. The Fourier transform
R̃ (ω) of the centroid R (t ) is broad, supporting the absence of a typical oscillation
frequency in R (t ).

tion (n0 , m0 ) is given by U eff = (δ εn,m /δn + U , δ εn,m /δm + U ). The
local contribution shall be relevant whenever the potential gradient (in appropriate units) is of the order of the external bias U .
Therefore, the frequency obtained in not exactly ω = U [Figs. 5(a)
and 5(b)]. The two peak structure depicted in Fig. 5(c) has its origin in the distinct contributions given by the anisotropic gradient
of the local potential to the effective local bias. Once the initial
wave-packet is located at a non-symmetrical position of the lattice
(n0 , m0 ) = ( N /2, N /2 + d0 ) with d0 = 10, the potential derivatives
along the orthogonal lattice directions give raise to distinct frequency shifts when the electron is forced by a diagonal external
ﬁeld. We stress that such frequency splitting is not found in 1D
aperiodic potentials, being thus a speciﬁc feature of higher dimensional systems.
In Fig. 6, we present the phase space plots, namely velocity
versus position. All calculations were performed using N × N =
200 × 200. Three representative cases are illustrated: (a) νx =
ν y = 1.5, U = 0.5 with the initial location of the wave-packet
(n0 , m0 ) = ( N /2, N /2); (b) νx = ν y = 0.5, U = 0.5 with the initial
location of the wave-packet (n0 , m0 ) = ( N /2, N /2); (c) the same
as in (b) except by initial location of the wave-packet (n0 , m0 ) =
( N /2, N /2 + d0 ) with d0 = 10. For all cases, the integration time
used was t = 1000. We can see in (a) that the velocity versus position diagram exhibits orbits with no coherency, as it was observed
in the centroid dynamics (see Fig. 4). In the other cases, the diagrams show a coherent dynamics through the phase space. In
the case of bimodal Bloch oscillations [see Fig. 6(c)], the wavepacket orbits in phase space show a pronounced breathing pattern. This breathing reﬂects the fact that both centroid and velocity display amplitude-modulated envelopes. The frequency of this
amplitude-modulated envelope depends on the difference between
the two frequency peaks appearing the Bloch oscillations spectrum
[Fig. 5(c)].
Before concluding, some words concerning the electronic dynamics in systems with distinct degrees of aperiodicity along the
orthogonal lattice directions νx = ν y . In Fig. 7, we show the centroid R (t ) and its Fourier transform (left and right panel respectively) for an initial Gaussian wave-packet located at the center of
the lattice with aperiodicity exponents νx = 0.5 and (a) ν y = 1.5
and (b) ν y = 0.7. For both νx and ν y below 1, we can see oscillations with a frequency close to the Bloch-oscillation frequency
predicted by the semi-classical approach. However, in the case
of mixed pseudo-random and weakly aperiodic components, the
pseudo-random character for ν y > 1 predominates leading to the

Fig. 5. Bias driven dynamics of the centroid R (t ) in a slowly varying (weakly aperiodic) potential (νx = ν y = 0.5) for two magnitudes of the bias: (a) U = 0.5 and (b) U = 0.75.
The initial location of the wave-packet is (n0 , m0 ) = ( N /2, N /2). (d) and (e) Fourier transforms R̃ (ω) of the centroids depicted on panels (a) and (b), respectively. Note that
R̃ (ω) is peaked at a frequency ω U . (c) Same as in panel (a), but for the initial condition (n0 , m0 ) = ( N /2, N /2 + d0 ) with d0 = 10. (f) Fourier transform of the centroid
depicted on panel (c). Note that here R̃ (ω) exhibits a doublet structure.
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Fig. 6. Phase diagrams velocity vs position computed for: (a) νx = ν y = 1.5, U = 0.5
and the initial location of the wave-packet (n0 , m0 ) = ( N /2, N /2); (b) νx = ν y = 0.5,
U = 0.5 and the initial location of the wave-packet (n0 , m0 ) = ( N /2, N /2); (c) the
same as in (b) except the initial location of the wave-packet (n0 , m0 ) = ( N /2, N /2 +
d0 ) with d0 = 10. For ν > 1 the velocity vs position diagram exhibits incoherent
orbits. For ν < 1, the Bloch-like oscillations promotes a coherent dynamics through
the phase space. In panel (c), the amplitude of the oscillations varies faster than in
panel (b) due to the doublet structure generated by the anisotropic gradient of the
local potential.
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the band center, we found that, for a weakly aperiodic potential (νx , ν y < 1), both quantities grow on increasing the system
size. The participation number is proportional to N 2 while the
conductance scales proportional to N. Such size dependencies are
consistent with the presence of extended states and macroscopic
transport in the thermodynamic limit. In contrast, both participation number and conductance reach a plateau upon increasing the
size for a pseudo-random potential (νx , ν y > 1), which is the typical behavior predicted by the usual scaling theory of Anderson
localization. Solving numerically the time-dependent Schrödinger
equation, we found that an initially localized wave-packet reveals
a ballistic spreading associated with the existence of a phase of
extended non scattered states in the weakly aperiodic limit (νx ,
ν y < 1). In contrast, the spread of the wave-packet is bounded
for pseudo-random realization of the site potential (νx , ν y > 1).
These results indicate that the underlined 2D aperiodic model under study undergoes a metal–insulator transition.
We have also investigated the interplay between the delocalization effect, preserved by the weakly aperiodic structure, and
the dynamic localization, caused by an electric ﬁeld acting on
the system. We demonstrated that in weakly aperiodic potentials
(νx , ν y < 1), the applied uniform electric ﬁeld promotes sustained
Bloch oscillations of the electronic wave-packet. The frequency of
the oscillations was shown to agree with the prediction of a semiclassical approach [43]. In contrast with the Bloch oscillations in
1D, the frequency spectrum of the centroid time-evolution can exhibit a two-mode structure depending on the initial position of the
wave-packet. Such two-frequency dynamics reﬂects the anisotropy
of the potential landscape along the principal lattice directions
when the electron is forced to oscillate by a diagonal ﬁeld. In
phase-space, this phenomenon is signaled by quickly breathing coherent orbits.
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We have discussed the character of the electronic states of the
model in the absence of an external electric ﬁeld. Diagonalizing
numerically the Hamiltonian at zero electric ﬁeld, we computed
the dc conductance and the participation number for various systems sizes. After a ﬁnite-size scaling analysis of data close to

[1] G. Khitrova, H.M. Gibbs, F. Jahnke, M. Kira, S.W. Koch, Rev. Mod. Phys. 71 (1999)
1591.
[2] See contributions to G.W. Briant, G.S. Solomon (Eds.), Optics of Quantum Dots
and Wires, Artech House, Boston, 2005.
[3] T. Brandes, Phys. Rep. 408 (2005) 315.
[4] J.R. Tischler, M.S. Bradly, Q. Zhang, T. Atay, A. Nurmiko, V. Bulović, Org. Electron. 8 (2007) 94.
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