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The Peyrard-Bishop-Holstein model has been previously introduced as an appropriate framework for the
description of polaronic effects for charge migration in DNA. We study numerically the Peyrard-Bishop-
Holstein model when the charge carrier is also subjected to an applied uniform electric field. We find that the
polaron undergoes coherent oscillations when the electric field is applied along the stacking direction. The
frequency of the oscillations is the same as in the rigid lattice �Bloch frequency� provided that the carrier-lattice
coupling is not large. Increasing the coupling the single peak of the Fourier spectrum splits into side peaks
around the Bloch frequency.
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I. INTRODUCTION

Recent advances in molecular electronics allow for con-
trolled manipulation of DNA molecules for electric transport
measurements possible.1,2 Experiments on electric transport
through dry and wet DNA molecules revealed a variety of
results ranging from proximity-induced superconducting,3

Ohmic-type,4–7 semiconducting,8–12 and insulating13,14 be-
haviors. It is believed that the environment of the molecule,
the sequence of nucleotides, and lead effects play an out-
standing role in the observed differences. In addition, carrier
coupling to low-frequency vibrational modes may give rise
to a significant improvement of the conductance.15 Recent
experiments in poly�G�-poly�C� and poly�A�-poly�T� DNA
molecules in solution suggest that they may act as nanowires
supporting high electrical current under moderate bias.9

The nucleotide sequence in synthetic poly�G�-poly�C� and
poly�A�-poly�T� DNA molecules is periodic. Consequently
they can be regarded as artificial crystals that can carry elec-
tric current when they are subjected to an external bias. Elec-
trons in periodic potentials subjected to an applied electric
field present dynamic localization16 and may undergo coher-
ent oscillations.17,18 They perform a periodic motion, in real
and in k spaces, known as Bloch oscillations �BOs�.19,20

From semiclassical arguments it can be shown that BOs are
characterized by a time period �B=2�� /eFa and an ampli-
tude AB=W /eF, where −e is the electron charge, F is the
applied electric field, a denotes the spatial period of the po-
tential, and W stands for the band width. BOs were observed
as coherent oscillations of electronic wave packets in semi-
conductor superlattices21,22 �see Ref. 23 for an overview�.
These oscillations are related to the wave dynamics of par-
ticles, and therefore they can be observed in almost any co-
herent motion of waves in tilted periodic potentials. Thus,
they were later detected as a periodic motion of ensembles of
ultracold atoms24,25 and Bose-Einstein condensates26 in tilted
optical lattices.

BOs persist until electrons lose their phase coherence
through scattering processes. The scattering time � must be
larger than the Bloch period �B and therefore the electric field
must exceed a critical value.27 Inelastic scattering by
phonons, deviations from perfect periodicity due to imper-
fections, intraband scattering, and scattering by impurities

severely reduce the quantum coherence required for the ob-
servation of BOs. Even in the most favorable experimental
conditions, � is not much larger that �B and only a few BOs
are usually observed. DNA molecules largely differ from in-
organic solids because vibrations of nucleotides are signifi-
cant and could rapidly degrade the electron quantum coher-
ence. Lakhno and Fialko28 found that homogeneous
nucleotide sequences display Bloch oscillations under ap-
plied electric fields even if electron-lattice coupling is taken
into account provided that temperature is low. Their model,
however, considers uncoupled nucleotides and small �har-
monic� vibrations.

In this work we focus on a more realistic model of carrier
dynamics in a deformable DNA molecule subjected to an
external applied electric field, which is assumed uniform
hereafter. To this end, here we will take advantage of the
accurate description of the nucleotide dynamics and its ef-
fects on electric transport provided by the Peyrard-Bishop-
Holstein �PBH� model.29–31 The lattice dynamics is nonlin-
ear, beyond the harmonic approximation, and it allows for a
better description of large-amplitude vibrations of nucle-
otides coupled along each strand. Our aim here is to investi-
gate whether the polaron performs sustainable BOs in biased
DNA molecules described by the PBH model.

II. MODEL

In the PBH model the carrier is treated quantum mechani-
cally, within the framework of the tight-binding approxima-
tion, and the lattice dynamics is taken into account classi-
cally. For simplicity we will restrict ourselves to the electron-
vibration coupling in a single strand. Thus, the Schrödinger
equation for the carrier is given by31

i�
d�n

dt
= − Un�n − T��n+1 + �n−1� + �yn�n, �1�

where �n is the probability amplitude for the charge carrier
located at the nth nucleotide. The parameter U=eFa is the
potential-energy drop across the period of the lattice �a
=3.4 Å in DNA�. The hopping is restricted to nearest-
neighbor nucleotides and its magnitude is given by −T. The
last term in Eq. �1� describes the carrier-vibration coupling
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through the constant � and the displacement yn of the nth
nucleotide from its equilibrium position.

Newton’s equations of motion for the displacement yn be-
come

m
d2yn

dt2 = − VM� �yn� − W��yn,yn−1� − W��yn,yn+1� − ���n�2,

�2�

where m is the nucleotide mass and the prime indicates dif-
ferentiation with respect to yn. The Morse potential

VM�yn� = V0�e−�yn − 1�2 �3�

takes into account the anharmonic interaction between
complementary base pairs as well as the interaction with the
sugar-phosphate backbone. The interaction between nearest-
neighbor nucleotides along the staking direction is described
by the potential31

W�yn,yn−1� =
k

4
�2 + e−��yn+yn−1���yn − yn−1�2. �4�

The values of the potential parameters are given by m
=300 amu, V0=0.04 eV, �=4.45 Å−1, k=0.04 eV /Å2, �
=0.35 Å−1, and T=0.1 eV.31 It should be noted that ab ini-
tio estimations of the coupling constant � are scarce and the
results are strongly dependent on the sequence and number
of nucleotides.32 Therefore, we will vary its magnitude in the
numerical simulations to study the effects on the carrier dy-
namics.

III. RESULTS

In order to study the time evolution of the polaron in the
biased lattice, we numerically solved the set of nonlinear
equations �1� and �2� using a Runge-Kutta method of fourth
order considering hereafter the homopolymer DNA case un-
der rigid boundary conditions. To obtain the initial polaron
state we follow the procedure given in Ref. 30 in an unbiased
lattice �U=0�, including a dissipative term of the form
−	mdyn /dt in Eq. �2� with 	=50 THz. Once the stationary
solution is found, it is then taken as the initial condition at
t=0 to solve Eqs. �1� and �2� with U�0, neglecting dissipa-
tion. The initial polaron state used in our simulations is
shown in Fig. 1 for different values of � and N=500. It is to
be noticed that the motion of the polaron in a biased lattice
with dissipation is uniform with constant speed.32 Therefore,
dissipation destroys the quantum coherence required for the
observation of BOs. In a real situation, one expects that BOs
could be observed at short times after the initial excitation.
This is the regime in which we are interested in this work as
we discussed in Sec. IV in more detail.

The time-domain evolution of the carrier wave function
provides detailed information about what happens after the
initial excitation of the system. Figure 2�a� shows the wave
function in a lattice of N=1000 sites as a function of position
and time for �=0.1 eV /Å and F=3.0 mV /Å. The carrier
displays clear signatures of a coherent oscillation with small
distortion of its initial shape. The observed frequency is
about 15.52 THz, which is fairly close to the semiclassical

value 
B=eFa /�=15.502 THz. Figure 2�b� shows the cor-
responding lattice displacement. The lattice also performs
oscillations but with a main frequency of 7.22 THz for the
same parameters used in Fig. 2�a�. This frequency is not
related to the Bloch frequency 
B. On the contrary, it is close
to the Morse frequency 
M, namely, the harmonic frequency
of the small amplitude oscillations of a particle with mass m
around the minimum of the Morse potential �3�. This fre-
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FIG. 1. Carrier wave function �upper panel� and lattice displace-
ment �lower panel� at t=0 for different values of � and N=500.

FIG. 2. �Color online� �a� Carrier wave function and �b� lattice
displacement as a function of position and time in a lattice of N
=1000 sites for �=0.1 eV /Å and F=3.0 mV /Å showing their os-
cillatory behavior.
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quency is found to be 
M =��2V0 /m=7.138 THz for the set
of parameters used in the simulation. Therefore, we come to
the conclusion that the oscillations of the lattice and the car-
rier are almost decoupled at least at small applied fields. It
is to be noticed that for larger fields our solutions become
unstable especially for small values of the carrier-vibration
coupling �. This might be produced by the numerical method
used to solve the set of nonlinear equations. However it
could also be due to some intrinsic instability of the problem.
Indeed in Ref. 32 the authors already claimed the existence
of a maximum electric field that the polaron can tolerate.

The value of the frequencies involved in the polaron dy-
namics under an external bias can be determined accurately
by calculating the Fourier transform of the centroid c�t� of
the carrier wave function

c�t� = x�t� − x�0�, x�t� = �
n=1

N

n��n�t��2. �5a�

Similarly for the lattice displacements we define the dimen-
sionless magnitude l�t� as follows:

l�t� = ��t� − ��0�, ��t� = �
n=1

N

nyn�t�/a . �5b�

Figure 3 displays the calculated c�t� and l�t� in a lattice of

N=1000 sites for �=0.1 eV /Å and F=3.0 mV /Å. As ex-
pected, the centroid c�t� performs a harmonic motion with
frequency equal to 
B=eFa /�=15.52 THz within the nu-
merical uncertainty �see the inset in Fig. 3�a��. However, the
lattice displacements display a more complex motion, as
seen in Fig. 3�b�. The main frequency is about 7.22 THz,
which is close to the Morse frequency 
M =7.138 THz dis-
cussed above. Furthermore, we observe the occurrence of a
smaller peak at the Bloch frequency �see the inset in Fig.
3�b��. In spite of the complex behavior of the lattice displace-
ments in the frequency domain, let us stress that the carrier
motion is characterized by a single frequency, namely, the
Bloch frequency.

To gain additional insight into the polaron dynamics in the
biased lattice, we calculate the average current density J�t�
through the bases31

J�t� =
�e

meNa2 �
n=1

N

Im��n
���n+1 − �n−1�� , �6�

where me is the mass of the carrier. Typical results of our
simulations are collected in Fig. 4. The left panels show the
time-dependent current density over a short time interval
when F=10 mV /Å and several values of the coupling con-
stant �=0.1, 0.2, 0.3 eV /Å. The current density displays a
well-defined oscillatory behavior. Remarkably the time pe-
riod matches almost perfectly the semiclassical value �B
=2�� /eFa=0.122 ps in the rigid lattice for the three cou-
pling constants shown in Fig. 4. The right panels show the
envelope of the curve J�t� over a much larger time interval
for the same values of the coupling constant. The increase in
the coupling constant leads to a faster modulation of the
current density but, remarkably, the oscillations do not decay
on time. We will comment about the relevance of this finding
in Sec. IV.

In order to clarify which frequencies are playing a major
role in the polaron dynamics, the Fourier transform of the
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FIG. 3. �a� Centroid of the carrier wave function and �b� l�t� as
a function of time in a lattice of N=1000 sites for �=0.1 eV /Å and
F=3.0 mV /Å. The insets show the corresponding Fourier
transform.
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FIG. 4. Current density as a function of time when F
=10 mV /Å for different values of the coupling constant, namely,
�=0.1,0.2,0.3 eV /Å from top to bottom. The left panels show the
oscillatory behavior over a short-time interval. The right panels
only show the envelope of the current and over a much longer time
interval.
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average current density was calculated for several values of
the coupling constant � and electric field F �see Fig. 5�. For
small coupling constant, the Fourier spectrum transforms in a
single peak at the semiclassical value of the Bloch frequency

B=2� /�B �
B=51.67 and 155.02 THz for F=10 and
30 mV /Å, respectively�. On increasing the coupling con-
stant �, side peaks around 
B appear, as seen in the lower
panels of Fig. 5. But even in the case of a broad Fourier
spectrum ��=0.3 eV /Å in Fig. 5�, quasiharmonic oscilla-
tions are observed over time intervals larger than �B �see
lower right panel of Fig. 4�.

The occurrence of satellite peaks around the Bloch fre-
quency in the Fourier spectrum �Fig. 5� can be understood as
follows. The diagonal term in Eq. �1� is given by �−Un
+�yn��n. Expanding the lattice displacement around the site
with maximum electron amplitude s�t� up to first order, one
gets yn�t��ys�t�+��t��n−s�t��. Consequently, the diagonal
term is given approximately by �−Ueff�t�n+a�t���n with
a�t�=��ys�t�−��t�s�t�� and Ueff�t�=U−���t�. Therefore,
there is a local contribution to the external field coming from
the deformation of the lattice. This extra contribution −���t�
depends on time, giving rise to a complex-frequency spec-
trum.

As mentioned in Sec. I, scattering by defects, charges, and
phonons destroys the phase coherence at times larger than
the scattering time �. Therefore, an initially excited polaron
performs a coherent oscillatory motion provided that �B�.

The scattering time � depends on temperature and Lakhno
and Fialko28 estimated that �	T−2.3. This estimation yields
the temperature Tmin below which BOs take place at a given
magnitude of the electric field, Tmin�0.45T0�
B�0�1/2.3. Here
�0�6.4 fs is the scattering time at T0=300 K.28 At the low-
est field considered in this work, F=3.0 mV /Å, Tmin
=50 K is obtained. Larger values of the electric field raise
this threshold temperature. At much larger time t��, the
polaron moves classically with uniform velocity.32 We thus
claim that our results should be relevant at short times after
the initial excitation and lattice relaxation.

IV. CONCLUSIONS

We investigated the polaron dynamics within the Peyrard-
Bishop-Holstein model in the presence of a uniform electric
field. When the coupling of the charge carrier and the lattice
is neglected, it is well known that coherent and harmonic
oscillations arise, namely, BOs.17,18 The frequency of the
BOs is estimated from a semiclassical approach to be 
B
=eFa /�. Remarkably, we have found that the polaron of the
unbiased lattice also displays coherent oscillations when the
bias is switched on. The oscillations detected in the current
density are quasiharmonic over short time intervals with a
frequency that matched the Bloch frequency 
B for the cor-
responding applied field. With the parameters used in DNA,
when the potential drop across a single period is about the
electron bandwidth, i.e., U	4T=0.4 eV the Bloch fre-
quency is 
B	607.9 THz, making DNA a potential candi-
date for electronic applications in the terahertz range. In-
creasing the coupling constant leads to the occurrence of side
peaks in the Fourier transform around the Bloch frequency.
Nevertheless, the current density still displays a well-defined
oscillatory pattern with a main frequency close to the Bloch
frequency.

From our analysis it becomes clear that the coupling pa-
rameter � should be as small as possible. Recently, Bera-
shevich et al.32 have found that � is smaller in poly�dA�-
poly�dT� than in poly�dG�-poly�dC� synthetic DNA. In
addition, they found a slight decrease in the coupling con-
stant upon increasing the number of nucleotides. Thus, for
N=4 they get �=0.3 eV /Å. We have found that for such
value of the coupling constant, coherent oscillations of the
polaron can arise.
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