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We study the interface dynamics of a discrete model previously shown@A. Sánchez, M. J. Bernal, and J. M.
Riveiro, Phys. Rev. E50, R2427~1994!# to quantitatively describe electrochemical deposition experiments.
The model allows for a finite density of biased random walkers which irreversibly stick onto a substrate. There
is no surface diffusion. Extensive numerical simulations indicate that the interface dynamics is unstable at early
times, but asymptotically displays the scaling of the Kardar-Parisi-Zhang universality class. During the time
interval in which the surface is unstable, its power spectrum is anomalous; hence, the behaviors at length scales
smaller than or comparable with the system size are described by different roughness exponents. These results
are expected to apply to a wide range of electrochemical deposition experiments.@S1063-651X~98!50803-3#
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The field of nonequilibrium dynamics of rough surfac
and interfaces has undergone an enormous activity du
the last decade. Considerable experimental and theore
efforts have been devoted to understanding the common
eral features of the growth of surfaces in various seemin
unrelated phenomena@1,2#. By exploiting the existence o
universality and scale invariance akin to those presen
equilibrium critical phenomena, most of the activity has be
aimed to organizing nonequilibrium surface growth pr
cesses into universality classes. In this context, surfaces
described by theglobal width ~or roughness! W(L,t), the
rms fluctuations of the height variableh(x,t) giving the lo-
cation of the surface at positionx over a substrate of latera

sizeL at timet, around its mean valueh̄ L(t)51/L(xh(x,t):
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W2~L,t !5
1

L K (
x

@h~x,t !2 h̄ L~ t !#2L , ~1!

where angular brackets stand for noise average.
In many cases it is observed that the width initially grow

asW(L,t);tb for t!Lz, saturating at a size dependent val
W(L);La for t@Lz. The roughness exponenta, the dy-
namic exponentz, and their ratiob5a/z are usually taken
to identify the universality class that the growth process c
sidered belongs to. Under the assumption of scale invaria
~self-affinity!, analogous behavior is expected for the rm
fluctuations of the height within a box of lateral sizel !L, or
local width

w2~ l ,t !5
1

l K (
x

@h~x,t !2 h̄ l~ t !#2L , ~2!

namely,

w~ l ,t !;H tb if t! l z

l a if t@ l z.
~3!
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The scaling behavior~3! holds, e.g., in the Kardar-Paris
Zhang~KPZ! equation@3#, which generically describes su
faces growing irreversibly in the absence of specific cons
vation laws@2#. However, in recent studies@4,5# of surface
growth in the context of molecular beam epitaxy~MBE! and
related vapor deposition techniques, it has been found
many relevant discrete models and continuum equations
not obey the local scaling~3!, but rather for intermediate
times l z!t!Lz it is found thatw( l ,t); l a loct (a2a loc)/z, with
a locÞa; hence the behaviors of the surface at small a
large length scales differ. This phenomenon has been ter
anomalous scaling, and is not yet understood at a fundame
tal level ~see@6,7# for overviews!. In principle, anomalous
scaling was somehow associated with super-roughening~i.e.,
the existence of exponent valuesa>1!. However, recent
works have shown that it can appear as an independent
nomenon@9# ~henceforth referred to asintrinsic anomalous
scaling! caused by anomalous behavior of the surface po
spectrum@4,10# ~to be defined below!. Up to now, the only
cases in which anomalous scaling has been identified
related to models with a conserved current along the surf
as those for MBE growth@6,7#, or with some type of disorde
@8–12#. We are aware of no previous report on the occ
rence of intrinsic anomalous scaling in models with tim
dependent noise and no constraint or conservation
Moreover, an obviously important open issue is to clarify t
experimental conditions under which anomalous scaling
be observable.

In this Rapid Communication we study a surface grow
model, called multiparticle biased diffusion limited aggreg
tion ~MBDLA !, introduced in@13# and shown to describe
quantitatively electrochemical deposition~ECD! experiments
@14#. In particular, it allows one to study systems with a fin
density of depositing particles of different species. The
laxation rules of MBDLA do not yield a conserved curren
Specifically, consistent with a range of experimental appli
tions @14#, there is no surface diffusion. As a consequen
we will show below that MBDLA asymptotically display
the scaling behavior of the KPZ universality class. Nevert
less, there does exist a time regime in the evolution of
surface during which the effective scaling is intrinsica
anomalous and described by nonuniversal exponents.
time regime is associated with the onset of an instability d
to the Laplacian character of the model. This feature
analogous to recent reports@15# that for a class of mode
discretized equations in which there exists a conserved
rent, anomalous scaling with nonuniversal exponents
present during a transient regime in which the surface gro
is unstable. Here we find an analogous phenomenon f
realistic modelwithout conserved currents which belongs
the KPZ universality class. Actually, our findings are rem
niscent of a discrete nonconserved erosion model@16# also
displaying an initial instability followed by asymptotic KP
scaling. The crucial difference is that the model in@16# is
described by the noisy Kuramoto-Sivashinsky equation,
ymptotically equivalent to KPZ in 111 dimensions@7#, and,
as KPZ itself,free of anomalous scaling.

The algorithm that defines MBDLA begins with a numb
of random walkers~cations! randomly distributed with con-
centrationc on a two-dimensional square lattice with pe
odic boundary conditions. The lower side of the lattice
chosen to be the cathode. The initial condition evolves
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time as follows: Every time step a walker is chosen a
moved to one of its four neighboring sites with differe
probabilities: 0.5 to move parallel to the cathode~either left
or right!; 0.251p to move down towards the aggregate~the
cathode, at timet50!, and 0.252p to move up, away from
it. The parameterp is referred to as thebiasand, as shown in
@13#, can be quantitatively related to the electric current
the physical system; experimentally, it can be controlled
changing the value of the applied electric field. After a de
tination site has been selected, the particle moves if that n
of the lattice is empty~and we select another particle if it i
not!. Once the particle has been moved, if the new posit
has any nearest neighbor site belonging to the aggregate
walker’s present position is added to the aggregate w
probability s; otherwise it stays there~and is able to move
again! with probability 12s. We terms the sticking prob-
ability; it is related to the chemical activation energy t
cation needs to stick to the aggregate.

Of the two parameters of MBDLA, the biasp and the
sticking probabilitys, only p is independent for the experi
mental description,s being simply proportional to it@13#.
This remark notwithstanding, in this work we will conside
both p and s as independent parameters, for our goal is
make a general analysis of the model behavior beyond
experimentally motivated values. As seen in what follow
this will help to obtain a coherent, complete picture
MBDLA properties. Thus,s takes values between 0 and
and p ranges from 0 to 0.25. Finally, let us note that MB
DLA produces, in general, a noncompact aggregate that
have voids and overhangs. Large values ofp produce nearly
ballistic trajectories, while smaller values drive the partic
in a Brownian motion fashion. In two limits, the behavio
of MBDLA approaches other relevant models: ballistic dep
sition ~for p50.25!, well known to belong to the KPZ uni-
versality class andnot to display anomalous scaling@2#, and
multiparticle diffusion limited aggregation~MDLA ! ~for

FIG. 1. Global width vs time forp50.05, s51, c50.1. The
dynamics presents an initial transient during which the surfac

still uncorrelated andb; 1
2 . Then there is an unstable transie

within which b;0.7. In this region the system presentsintrinsic
anomalous scaling~see text!. Before saturation, the KPZ nonlinea
ity governs the dynamics, henceb;0.33. The present plot is an
average over 50 noise realizations. All magnitudes are measure
arbitrary units.
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p50!, the paradigmatic model of unstable Laplacian grow
@1#.

To begin the summary of our results, we will describe t
phenomenology forp50.05 and arbitrarys. Physically,
p50.05 represents not too small applied electric fields, s
face diffusion being negligible, so that MBDLA provides
good description of ECD. We will later discuss how chang
in p modify the description that follows. Simulations we
performed in aL5300 by 1500 lattice, although other value
of L were also considered~see below!. The dynamics of the
model is conveniently characterized by the global width, E
~1!. We are interested in the dynamics of the active zone@1#,
hence we define the variableh(x,t) to be the height of the
topmost particle belonging to the cluster for each column.
mentioned above, for times before saturation due to fin
system size (t,Lz), the width is expected to scale a
W(L,t);tb. In our case, we find that, along the time evol
tion, b takes up to three different values for large enou
systems; see Fig. 1. At early times, shot noise dominates
growth, thusb;0.5 as in a random deposition process.
time proceeds, the Laplacian character of the model sh
up, favoring the unstable development of pillars, which
turn leave deep grooves behind. This instability is reflec
in the large value of the growth exponent~b;0.5920.73
increasing with sticking probabilities!. As local slopes of pil-
lars ~or grooves! become larger, they seem to trigger furth
nonlinear effects, whose consequence is the stabilizatio
the surface dynamics. Thus, fors*0.5 we measure in this
regime b;0.25, a value close to that of the Edward
Wilkinson universality class@18#. For smaller values of the
sticking probability, s&0.5, we measureb;0.33, the
growth exponent characteristic of the KPZ universality cla
Actually simulations for larger system sizes~L5512, 1024!
yield b;0.33 before saturation for almost all values ofs.
Hence, the asymptotic behavior of the model is described
KPZ scaling. This also shows the role ofs as a noise reduc
tion parameter@17#, large noise reduction (s→0) tuning the
system closer to the asymptotic scaling regime. The valu
the roughness exponents area loc;a;0.5 in all cases,

FIG. 2. Collapsed power spectrum within the unstable trans
using the same parameters as in Fig. 1. The inset shows the
evolution of the power spectrum every 106 time units. Thick lines
have slopes given by the exponents quoted in Table I. All mag
tudes are measured in arbitrary units.
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showing that there is no anomalous scaling in the asympt
state. Measurements of the mean excess velocityv(m) of an
interface subject to an average tiltm, imposed through heli-
cal boundary conditions, confirm@19# the relevance of the
KPZ nonlinearity in the effective description of our system
Once established that the long time scaling behavior of
interface is of the KPZ type, we focus on the unstable tr
sient regime, characterized by two main features, namel
largeb value~hence very rapid growth! andintrinsic anoma-
lous scaling caused by a nonstandard form of the po
spectrum of the surface,S(k,t)5^ĥ(k,t)ĥ(2k,t)&, where
ĥ(k,t)5L21/2(x@h(x,t)2 h̄ L(t)#exp(ikx). In Fig. 2 we plot
the collapse of the power spectrumS(k,t) within the un-
stable transient, where the inset showsS(k,t) as function of
k for every 106 time units.S(k,t) displays a behavior con
sistent with the scaling form

S~k,t !5k2~2a11!s~kt1/z!, ~4a!

where

s~u!5H u2u if u@1,

u2a11 if u!1.
~4b!

The exponentu5a2a loc measures the difference betwee
the global roughness exponenta and the local roughnes
exponent a loc . The exponents area;2.15, a loc;0.5,
b;0.73, andz;2.95 ~all exponent values given are t
within an accuracy less than 5%!. It has been shown in Ref
@10# that a structure factor such as Eq.~4! implies intrinsic
anomalous scaling for the local width. The slopes of t
collapsed curves yield exponents consistent with the o

nt
me

i-

FIG. 3. Collapsed power spectra within the unstable trans
using the exponent values in Table I, withs50.75 ands50.25.
Parameters other thans are as in Fig. 1. Thick lines have slope
given by the exponents quoted in Table I. All magnitudes are m
sured in arbitrary units.

TABLE I. Summary of relevant exponents as measured w
S(k,t) andw( l ,t) within the unstable transient, forp50.05, s51,
c50.1.

s b a a loc z

1.00 0.73 2.15 0.50 2.95
0.75 0.67 2.04 0.49 3.03
0.50 0.67 1.92 0.54 2.87
0.25 0.59 1.73 0.50 2.94
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used to achieve the best collapse. Collapses of structure
tor data obtained for differents values yield similar qualita-
tive results, as shown in Fig. 3, and the exponent val
summarized in Table I. All the exponent values~except no-
tably a loc , see also@6,9,10#! depend strongly on model pa
rameters, and we consider them as nonuniversal effec
values.

To provide a general description of our model, we ha
studiedbiasvalues different fromp50.05. For example, for
p50.005 and large values of the sticking probabilitys, we
have observed DLA like patterns as expected@13#. Conse-
quently the unstable regime lasts longer than in the ca
studied above. The same is observed for larger values ofs at
low p values. Moreover, decreasing~increasing! the ion con-
centrationc increases~decreases! the duration of the un-
stable growth, in accordance with the fact that asc→0 pure
DLA is recovered. Hence, we can tune the two parame
and the concentration to reproduce different experimental
haviors, because changes in the parameters alter the re
duration of the different scaling regions in the dynamics
the system. However, the asymptotic KPZ scaling still ho
at long enough times.

In summary, we have shown the existence of intrin
anomalous scaling for a realistic model, MBDLA, witho
conserved currents and hence in the KPZ universality cl
Anomalous scaling appears within a time region of varia
duration~depending on parameter values! in which the sur-
face evolves in an unstable fashion. This type of scaling
due to a nonstandard form of the power spectrum and
tures nonuniversal~parameter dependent! values of the effec-
tive exponents. We interpret anomalous scaling to be ass
ated with the unstable structures developing in the mo
dynamics. Thus, for large length scales we measurea.1,
associated with the steep slopes of pillars. On the other h
M.
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when probing short length scales we obtaina loc;0.5 ~see
Table I!, a value numerically close both to the KPZ expone
and to the exponent resulting from the convolution of t
Heaviside function with the interface@21# @through our defi-
nition of the height variableh(x,t)#. At any rate, intrinsic
anomalous scaling seems to be strongly associated in
case with the nonlocality of the evolution rules of the mod
which produces the unstable structures of the interface.

To date, anomalous scaling has been mostly observe
theoretical models, hence the interest of our results:
MBDLA is a correct description of ECD@14#, our findings
could be observed in that kind of experiment. Interesting
MBDLA displays instabilities similar to those reported
various ECD experiments@20#, reinforcing the connection o
the model to actual physical systems. Moreover, anoma
scaling may explain the wide spread in thea values
(a;0.520.8) reported in various ECD experiments@20#. As
shown in@9#, in the presence of anomalous scaling, the f
that all length scales saturate at the sameglobal saturation
time tsat;Lz poses additional difficulties to the evaluation
exponents by means of the local width. Specifically, if n
performed at global saturation, the roughness exponent
obtained is an effective value different from both,a and
a loc . Research on extensions of the model to more exp
mental parameters is under way, the influence of surface
fusion being the center of our future work.
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