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Abstract

‘We report on a theoretical study of the electronic structure of quasiperiedic, quasi-one-dimensional systems where
fully three-dimensional interaction potentials are taken inte account. In our approach, the actual physical potential
acting upon the electrons is replaced by a set of nonlocal separable potentials, leading to an exactly solvable Schrodinger
equation. By choosing an appropriate trial potential, we obtain a discrete set of algebraic equations that can be mapped
onto a general tight-binding-like equation. We introduce a Fibonacci sequence either in the strength of the on-site
potentials or in the nearest-neighbor distances, and we find numerically that these systems present a highly fragmented,
self-gimilar electronic spectrum, which becomes singular continuous in the thermodynamical limit. In this way we extend
the results obtained so far in one-dimensional models to the three-dimensional case. As an example of the application of

the model we consider the chain polymer case.

1. Introduction

The study of transport properties of self-similar
aperiodic structures has been a continuously grow-
ing research field during the last decade. On the one
hand, the remarkable discovery of the quasicrystal-
line phase [ 1, 2] gave rise to a considerable amount
of theoretical work on transport properties of
Fibonacci lattices, regarded as archetypical models
of quasiperiodic systems in one dimension (1D)
[3-9]. On the other hand, since the first growth of
semiconducting quasiperiodic superlattices [10, 11]
it has been progressively realized that electronic
systems arranged according to a substitution se-
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quence should offer interesting possibilities for
technological applications. In addition, recent pro-
gress in diffusion-controlled aggregation on surfa-
ces, allowing to grow 1D chains of atoms on a sub-
strate [12], along with proposals of nanoscale devi-
ces based on atomic switching in atomic wires [13],
spans considerably the interest of the gquasiperiodic
order notion [14] to properly describe transport
properties of quasiperiodic systems (QS) at the
nanostructure level.

It is well known that, for 1D systems, quasi-
periodicity leads to highly fragmented energy
spectra that are Cantor sets with zero Lebesgue
measure in the thermodynamical limit [15]. This
exotic spectrum determines the existence of elec-
tron wave functions that are neither extended in
the Bloch sense nor localized, but display dramatic
fluctuations over the whole system. As a conse-
quence, transport properties exhibit a peculiar
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behavior even when finite temperature effects are
taken into account [16]. To date, however, most of
the theoretical work on the transport properties
of S splits into two main kinds of 1D models,
namely discrete tight-binding models and continu-
ous Kronig—Penney models. Albeit purely 1D
models frequently render as adequate approxima-
tions to more complex three-dimensional (31}
systems, it is also true that low-dimensional treat-
ments could give rise to spurious phenomena that
are not met in poing to higher dimensions. Then
the question as to whether results obtained for
purely 1D systems can be extended to more realis-
tic, fully 3D models becomes very appealing from
both theoretical and technological points of
view. In fact, if the purported fragmentation of
the electronic spectrum of QS is destroyed by 3D
effects, then theoretical results obtained so far
about its related characteristic transport pro-
perties are of no practical relevance and possible
technological application of these interesting sys-
tems fades away.

In this work we address the task of elucidating
whether the remarkable properties of 1D QS are
inherent to the low dimensionality of the models or,
on the contrary, they should be expected in 3D
systems as well. To this end, we introduce a com-
pletely general model to study electronic properties
in 3D Q8. Our approach is based on the so-called
nonlocal (separable) potential (NLP) method, in
which the actual potential at each site of an arbit-
rary system is replaced by a projective operator
[i7-19]. As an interesting working example, we
shall consider in detail the case of trans-polyacety-
lene, The different nonlinear excitations present in
polymers in general, like solitons, polarons, and
bipolarons, are not included in the present study. If
one is interested in the effect of these types of
excitations, it would be necessary to resort to
many-body Hamiltonians like the Su—Schrieffer—
Heeger or the Peierls—Hubbard ones (see Ref. [20]
and the references therein). On the other hand,
what we are interested in is on 3D electron dynam-
ics in quasiperiodic systems, and in showing them
as clearly as possible. Thus, it is reasonable to focus
only on linear excitations. The fact that we use
parameters for trans-polyacetylene later is because
we have obtained them in the framework of our

nonlocal potential model with great accuracy [19],
and therefore they are already available to present
an example of the orders of magnitude to be ex-
pected in polymer applications. In this way we
show that characteristic features of 1D QS are still
present when 3D interaction potentials are con-
sidered. The rest of the paper is organized as fol-
lows. In Section 2 we present our model, summarize
previous work of ours [19] that is necessary for
a better understanding of the present paper, and
obtain exact expressions for the physical magni-
tudes of interest in the study of general QS. After-
wards, in Section 3 we undertake a detailed study
of the electronic properties of 3D QS. We obtain
numerical results demonstrating the existence of
a highly fragmented, self-similar electronic spec-
trum, being singular continuous in the thermodyn-
amical limit. Section 4 conciudes the paper with
a brief discussion on the physical relevance of the
obtained results.

2. The NLP approach to the study of quasiperiodic
systems

The solution of the Schrodinger equation for
multicentre interactions is of interest in condensed
matter physics as well as in atomic and molecular
physics. As is well known, such a solution is
expected to involve enormous difficulties since, in
most cases, prohibitively cumbersome calculations
are required. During the last years several methods
have been proposed to solve this problem. Among
them, the NLP approach is the natural gener-
alization of the Kronig—Penney meodel to the 3D
case. This method yields an exactly solvable
Schrodinger equation from which the electron
energy can be readily obtained without tedious
and elaborate calculations. What is more impor-
tant, it is always possible to find a NLP {or a sum
of them) able to reproduce any set of given
electronic states [21] and, consequently, there is no
theoretical limitation to the numerical accuracy
with which physical resulis can be obtained. We
shall open this section with a brief account of
the general aspects of the NLP approach and,
subsequently, we will apply it to the description
of QS.
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2.1. Schridinger equation for NLP

The Schrodinger equation for NLP reads as fol-
lows [19] (we take h = m = 1 hereafter):

(P* = 2E)W(n) = Y 4V (Ir — Re)
k

% jd3r’V(|r‘ — R0 (), (1

where R, denotes the position of each atomic site
and A, is the corresponding coupling constant. It is
usual to assume, as a first approximation, that the
potential function V is spherically symmetric, al-
though other symmetries can also be considered
within the NLP approach. By Fourier transform-
ing we have

1 .

where

0= jd"p V*(p)explip- RV (p)- (3)

Here (p) and V(p) denote the Fourier transforms
of i and V, respectively. The coeflicients y, are
related to the wave function in real space, and we
will discuss their meaning once we have specified
the potential V' (p). Inserting Eq. (2) in Eq. (3) and
performing the angular integration we obtain the
following set of algebraic equations:

o 2 2 o
p*IV{p)l* sinpRy;
—4ny .| d . 4
X rr? ’_[0 p p* —2E PRy X “)

where Ry; = |R, — R;| and it is understood that the
factor (sinpR,;)/pR,; is replaced by 1 when k = .

2.2. Application to quasi-one dimensional lattices

The set of algebraic equations given in Eq. (4)
provide a completely general solution of the
Schrodinger equation for multicenter interactions
in three dimensions, as soon as the shape of the
potential ¥ (p) is specified. Hence, the crucial point
within the NLP approach is to choose an appropri-
ate potential that reproduces the observed energy

values for the physical system being considered. In
this work we will be concerned with quasi-one-
dimensional systems where an array of 3D poten-
tials are arranged along a straight line. We have
shown that the electronic band structure of quasi-
one-dimensional polymers, such as trans-poly-
acetylene, can be quite accurately obtained making
use of this approach and taking surface é-function
interactions [19] of the form

[ 2 sinpR
Vi) =3 5 — R), V(p)=\/%“;‘§ S

Physically this potential describes a highly localiz-
ed force field which vanishes everywhere except on
a spherical shell of radius R around the lattice site.
In this particular case Eq. (4) takes the form

A 4
5 ABEL+ X 23 BB, (6)

k= p2
R ik

X

where for brevity we have defined
2
A(E) = % [1 — exp(—2xR)],

2mexp(—xRy;)

R, (cosh 2xR — 1). (7

By, (E) =
The corresponding integrals have been performed
for the case of interest, namely E < 0, and then
k =./ —2E is a real parameter. Notice that the
larger the distance between site k and j, the smaller
the corresponding coefficient By (E). In other
words, such coeflicients are rapidly decreasing
functions of Ry; provided that x is not very small
{deep potentials). This is usually a good approxima-
tion in most cases of practical interest and, for these
systems, it is reasonable to assume that only near-
est-neighbor interactions are significant. Thus

’Ik+1

Xk =% AE) . + RZ Bire 1 (E)ii+1

— Bii—1(E)je-1- (8)

At this point it becomes convenient to provide
some physical insight into the coupling constants J;
and, to this end, we must consider the single site
case for a moment. When only one atom at R, =0
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is present in the system, the NLP Schrédinger
equation reduces to

(P —2E)(r) = 4V jdsr'V(r'}'lf(r'), 9
from which we get

1 o 2 V 2
[P 0r
4“44.[[ 0 p —2Ek

(10)

This relation enables us to link the coupling con-
stant of any arbitrary site of the system with its
single bound state energy level E, = — x?/2, an
experimentally measurable quantity, Making use of
expressions (5) and (10) we get 4, A(E,)/R? = 1. For
short-ranged potentials we can expand A(E,) in
powers of R obtaining

R

In this way we can estimate the most appropriate
values of the coupling constants from experimental
data. Now we go back to our general treatment.
Inserting Eq. (11) in Eq. (8) and taking the limit
R — 0in such a way that E, remains constant, we
obtain the following tight-binding equation for the
coefficients y,:

_ eXp(—K.Rk;,H.])

(K —KJix = E+1

Rkk+1

+3XP(R KRkkﬂ)Xk_l. (12)
k-1

Note that the corresponding transfer integrals de-
crease exponentially on the distance between near-
est neighbors, as it should be expected, and their
functional form is typical of s-orbitals. In addition
they depend explicitly on the electron energy.
Therefore, at this stage of our analysis, the math-
ematical treatment of the system remains fully 3D
although the system is quasi-one-dimensional. Be-
fore proceeding, we wish to clanfy the physical
meaning of y,. From their definition in Eq. (3) and
the Parseval identity we have

Xe = J~d3r Vg (r + Ry), (13)

with V{r)=r"28(r — R). In the limit R —» 0 one
gets V(r) - r~25(r} = 8(r). Therefore, in this limit-
ing case

X = W{R). (14)

Thus we see that y, is nothing but the value of the
electron wave function at site B,, which is of course
the quantity of interest.

2.3. The NLP approach for quasiperiodic quasi-one-
dimensional systems

We now proceed introducing quasiperiodicity in
our lattice model. This can be accomplished in two
different ways. On the one hand, we can assume the
nearest-neighbor distance to be constant and con-
sider two kinds of different basic units, say A and B,
arranged quasiperiodically along the chain. Exam-
ples of these systems may be provided by binary
Fibonacci quasicrystals or multilayered hetero-
structures. On the other hand, we can assume all
the sites to be same and vary the distance between
them in a quasiperiodic fashion. In this case, the
sites can be occupied by either single atoms (self-
assembled  aggregates))  molecules  (homo-
polymers) or an assembly of crystalline monolayers
{(superlattices). When applied to the tight-binding
Eq. (12), the first option corresponds to on-site
models, whercas the second one describes transfer
models.

During the last years several quasiperiodic ar-
rangements, based on the application of substitu-
tion rules, have been considered in the literature. In
this work we will focus on the Fibonacci arrange-
ment as a canonical example of S which has been
experimentally probed in a variety of situation
[22-25] in the knowledge that our treatment can
be similarly applied to other self-similar aperiodic
realizations in a straightforward manner. In gen-
eral, a Fibonacci chain of order [ is generated from
two basic units A and B by successive applications
of the substitution A — AB and B -+ A yielding
a sequence of the form ABAABABA ... This se-
quence comprises F;_, elements A and F_; ele-
ments B, where F, is the /th Fibonacci number given
by the recurrent law F;=F_, + F,_, with
Fy,=F, =1 As | increases the ratio F,_,/F
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converges toward 1 = (\/5 — 1)/2, which is known
as the inverse golden mean.

The electron dynamics of this system can be
conveniently studied by means of the well-known
transfer-matrix techniques. To this end, we cast
Eq. {(12) into the matrix form

Yo+ ) [ — B Aoy Ak
(Xk )—(1 0 )(Xk1)=Pk(lk1)’ 4

where oy = (K — Kk)Rkk+ 1 exp(KRkk+1) and ﬁk =
(Rix+1/Rei—1)exp(kRyx+1 — KRyy—1). The trans-
fer matrix of the whole system is then found as

TN = I P.. (16)
k=N

which relates the wave function at both edges of the
system. Taking into account the fact that T(N) =
PyT(N — 1) with T(0) the 2 x 2 unity matrix, we
find the following recurrence relations to compute
the transfer-matrix elements:

Tin) =, Ty(n— 1) — B, Ty (n — 2,

(n)
Tya(m) = a,Tz(n— 1) — B, T12(n - 2), (17
Toln) =T (n - 1),

T22(n]=T12(n_1)5 n22535'"3N;

with the initial conditions T;;{0) = &;;, Ty1(1) = a4,
Tia(ly= —f,, T3 {1) =1 and T;;{1) =0. Here
N is a Fibonacci number indicating the number of
basic units of the system. Some physically relevant
magnitudes can be readily obtained from the
transfer-matrix T(N). Although the information
that any one of these magnitudes can provide inde-
pendently is not conclusive, when grouped together
they preduce a clear picture on the nature of the
electronic states [26]. The Lyapunov coefficient,
representing the growth rate of the wave function,
is nothing but the inverse of the localization length.
As a consequence, delocalization of the electronic
wave function is seen through the decrease of this
parameter. It can be computed [27] as

1
I'E) = (ﬁ)(Tf:(N) + T1,(N)

+ T3,(N) + T3,(N)). (18)

The fragmentation scheme and the number of
states in each subband is characterized by means of
integrated density of states (IDOS) per unit length.
Finally, considering periodic boundary conditions
at both edges of the system, the following condition
for an energy to be in an allowed band is obtained:

GIT[ TN < 1. (19)

Making use of this condition the equivalent band-
width (defined below) of the spectrum can be read-
ily determined and, from its scaling properties with
the system size, we can infer the spectral signature
of the electronic spectrum. All these expressions are
very simple and suitable for an efficient numerical
treatment. We will now evaluate them for several
interesting cases.

3. Results and discussions

For convenience, we shall describe the results
obtained for transfer and on-site models separately.

3.1. Quasiperiodic transfer systems

As an illustrative example we shall consider
a quasi-one-dimensional array of CH units roughly
representing the trans-polyacetylene chain. There
are two parameters that can be varied in a transfer
model, namely, the values of the short, Rg, and
long, Ry, bond lengths between neighboring units.
Two different sets of short and long alternating
bonds have been considered doescribing the gxtreme
cases of weak (R =143A, Ry=136A) and
strong (R; = 1.54 A, Ry = 1.34 A) pelymer stretch-
ing [28]. Making use of previous results [19] we
can estimate the range of on-site energies able to
reproduce the experimentally observed band edges
in trans-polyacetylene depending on its stretching
state. In this way we obtain E; ~ —6.0eV to be an
appropriate on-site energy on the average. Chains
containing up to N = F;5 =987 CH units have
been studied numerically making use of the expres-
sions derived in the previous section. In Fig. 1 we
show the fragmentation of the n-band as a function
of the Fibonacci number obtained from condition
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Fig. 1. Allowed subbands as a [unction of the Fibonacci order

! for a QS polymer with R; = 1.54 A, Rs = 134 A and Ey=
—60¢eV,

{19) in the case of strong stretching. Only short
approximants of the Fibonacci sequence are dis-
played since, on increasing N, the spectrum be-
comes so fragmented that it becomes very difficult
to observe minor features in the plot. We have
carefully analyzed, however, spectra up to N = 987
in order to determine the spectrum splitting pat-
tern. In this way we have confirmed that the single
band corresponding to the periodic case splits into
four main subbands which further split into smaller
subsubbands. As soon as a quasiperiodic arrange-
ment of the conjugated bonds is introduced, the
position and widths of main subbands of the spec-
trum converge rapidly to stable values on increas-
ing the polymer length. This behavior implies that
the global structure of the electronic spectrum can
be obtained, in practice, by considering very short
approximants to the infinite, strictly quasiperiodic
realization. In fact, this is the case for system size as
short as N = Fg = 34 in the considered model. This
characteristic has been referred to as the asymprotic
stability of the spectrum [16].

From a statistical point of view, valuable in-
formation can be extracted from the way in which
the electronic spectrum splits on increasing the
number of units in the chain. Our previous experi-
ence in the study of 1D systems indicates that the
IDOS per unit length is a powerful tool to study the
occupation of the different subbands of the frag-
mented spectrum. In Fig. 2 we present a typical

1.0 -
0.8 4

0.8 4

IDOS

0.4

0.2 -

0-0 T T T T T T T T T
-8 -7 -8 -5 -4 -3 -2
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Fig. 2. 1IDOS versus energy for a QS polymer with L, = 1.54 )&,
Lg=13AE= —60eVand N = F,5 = 987. The main sub-
bands are labelled by a, b, ¢ and d along with their respective
occupations. See the text for further details,

IDOS evaluated by means of node counting. Its
staircase shape provides additional support on the
self-similar splitting scheme just reported on. In
fact, the overall tetrafurcation pattern of the spec-
trum is characterized by the presence of four main
subbands, labelled a, b, c and d in Fig. 2, separated
by well-defined plateaus. Inside each main subband
the fragmentation proceeds obeying a trifurcation
scheme which can be quantitatively described as
follows. The number of subsubbands in each main
subband is given by N, = F,_,, Ny=F,_;, N, =
F,_4,and Ny = F,_; in agreement with distribution
rules reported for 1D tight-binding models [16,29].
We define the occupation of a main subband as the
ratio between the number of states in that subband
and the total number of electronic states, this is to
say, q; = N,/N (i = a, b,¢,d). Since each site in the
carbon backbone contributes with one electronic
state to the energy spectrum, this occupation can be
directly measured from the heights of the character-
istic steps appearing in the IDOS. In this way we
have determined that g, = 7%, ¢, = 73, ¢, = 4, and
gq = 7°, within an error less than 0.1%, for a wide
collection of system realizations. It is interesting to
note that these occupations correspond to
nonequilibrium level distribution for the system at
zero temperature, in agreement with previous re-
sults for 1D QS [14].
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3.2, Quasiperiodic on-site systems

There are two parameters that can be varied in
an on-site model, namely, the bound state levels of
the composing units E, and Eg. For the sake of
illustration we shall consider a quasi-one-dimen-
sional array of CH units describing chemicaily
doped trans-polyacetylene. By this we mean that the
native polymer has been subjected to a chemical
process consisting of either a charge transfer reac-
tion by oxidizing or reducing agents or an acidic
treatment in which protons attach to certain sites of
the chain. In our model unchanged polymer units
will be located in sites A whereas units doped in this
way are placed quasiperiodically at sites B. Assum-
ing a uniform carbon-carbon bond length of
L =139 A [28], we obtain that E, ~—6.0¢eV re-
produces quite well the observed band edges in
trans-polyacetylene [19]. On the other side, the
value of Ey, which describes the effect of doping on
the different units, will be varied in the range from
—6.0eV upto —12.0eV in order to ascertain its
influence on the electronic structure of the system.

Making use of the value R, ., = L and defining
=L and p, = x, L for the sake of brevity, we can
express the tight-binding equation (12} in the form

{(p— e’ = Xuwv1 + Xan-1- (20)

We have checked that only one band is placed in
the negative-energy interval in the case of native
trans-polyacetylene with a uniform carbon-carbon
bond length and that, when doping is uniformly
introduced, this band becomes deeper and nar-
rower on decreasing the value of the on-site energy
associated to the doped sites. The general behavior
of the =-band as a function of this on-site energy is
shown in Fig. 3. Deviation from native polymer
state can be quantitatively measured by means of
the ratio o = Eg/E4, hereafter called doping para-
meter. The more distant z is from unity, the more
important the effect of doping.

Using condition (19), we have found thal, as soon
as the native polymer is chemically modified at sites
arranged quasiperiodically, the n-band splits into
four main subbands which further split into smaller
subsubbands. The observed spliting hierarchy is
completely analogous to that shown in Fig. L
A characteristic feature of Fibonacci systems,

E (eV)
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~12 4

—14 T T v
-12 -10 -8 -6
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Fig. 3. Allowed ¢nergics (shaded region) as a function of the
on-site encrgy in the native trans-polyacetylene. The car-
hon—carbon bond length 1s L = 1.39 A
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Fig. 4. (a) Lyapunov cogfficient as a function of energy for a QS
polymer with L=139A, E, = —60eV and E; = —7.0¢V.
(b} An enlurged view of one of the main subbands illustrating its
self-similar nature.

which has been throughly purported in the study of
LD systems, concerns the self-similar pattern exhib-
ited by their energy spectra. In Fig. 4 we show
a typical plot of the Lyapunov coefficient as a func-
tion of the electron energy. In this plot the maxima
indicate the position of the minigaps determining
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Fig. 5. Equivalent bandwidth § as a function of the system size
N for E, = — 60¢V and different values of Eg, indicatﬁn:d on
each curve. The carbon—carbon bond length is L = 1.39 A

the spectrum fragmentation discussed before. By
inspecting this plot, it is clear that the whole spec-
trum corresponding to a short Fibonacci ap-
pximant is mapped onto a small portion of the
spectrum.

It has been rigorously shown that, in the thermo-
dynamical limit, 1D Fibonacci systems present
a singular continuous electronic spectrum [30]. In
order to estimate the spectral type associated to our
system, we have computed the so-called equivalent
bandwidth §, defined as the sum of all allowed
subbands. As can be expected from the Cantor-like
nature of Fibonaccian spectra, S vanishes as the
polymer size increases according to a power law of
the form § = F;#*. In Fig. 5 we show the depend-
ence of the equivalent bandwidth on the polymer
size for different values of the doping parameter o.
We have confirmed that § obeys a power law be-
havior even when high doping parameters are con-
sidered (up to x = 2). According to earlier results
[31] such a power law scaling is characteristic of
a singular continucus spectrum for which all the
wave functions are critical, i.e., regarding localiza-
tion properties the functions are neither exponenti-
ally localized nor extended in the Bloch sense.
Hence we are led to the conclusion that 3D effects
do not change the critical nature of the electronic
states in Q8. To get more information on how the
electronic spectra behave in approaching the ther-
modynamical limit we undertook the study of the

1.2

0.8 -

0.4 -

0.0 T
1.0 1.2

T T

14 16 18 20

o

Fig. 6. Critical exponent § as a function of the doping ratio
w=FEg/E, with Ey = —60¢V. The carbon—carbon bond
length is £, = 1.39 A.

dependence of the critical exponent § on the ratio
o = Eg/E, with a fixed value E, = —6.0eV. Re-
sults shown in Fig. 6 evidence that § increases
linearly with &, hence suggesting that the clectronic
spectrum is fragmented more rapidly on increasing
the chemical diversity of the chain. This is to be
expected since the fragmentation of the n-band
arises as a consequence of loss of quantum coher-
ence, and this effect is enhanced as the on-site
energies (£, and Eg) become more and more differ-
ent due to the doping process.

4. Conclusions

In this paper we have considered electron dy-
namics in quasi-one-dimensional Fibonacci sys-
tems. Our procedure, based on the NLP approach,
allows us to carry out a fully three-dimensional
analysis of the considered system. It is important to
realize that this technique can be applied to any
desired level of precision. In addition, the exact
solution can be found for an arbitrary NLP, as we
actually demonstrated [see Eq. (4)] by means of the
Fourier transform which, in turn, is completely
equivalent to the use of the Green function formal-
ism. We have considered surface d-function inter-
actions with vanishing radius since this potential
gives very accurate results in the study of rrans-
polyacetylene [19]. We have focused on the
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analysis of quasiperiodic arrangements where
atoms are placed in a straight line. Nevertheless, the
model can be ecasily extended to other possible
geometric configurations of interest as, for example,
zig-zag chains whose sp? hybridization geometry is
explicitly considered, or branched atomic wires as
those obtained for diffusion-controlled aggregates.

In this work we demonstrate that all those fea-
tures reported as to being typical of quasiperiodic
(Fibonacci) systems in one dimension can be ex-
tended to the three-dimensional case as well. In this
way we provide substantial support to the interest
of these novel systems form an applied viewpoint.
In particular we wish to stress the fact that the most
characteristic property of clectronic energy spec-
trum of QS, namely, its highly fragmented self-
similar structure, is expected to be observed also in
more realistic (3D) realizations. This result strongly
suggests that the peculiar nature of the spectra
associated to quasiperiodic systems has nothing to
do with the number of spatial dimensions con-
sidered in the interaction potential but it is directly
related to the topological order implied by the way
in which the basic units are arranged in the system.
A further elaboration of this point, dealing with
three-dimensicnal — quasiperiodic ~ Schrodinger
Hamiltonian operators from a mathematical point
of view, will be, therefore, very appealing.

Albeit we have focused on a particular realiz-
ation, trans-polyacetylene, attending to the practi-
cal interest of this system, our main results are very
general in character and, in fact, encompass
a broad class of quasiperiodically ordered systems,
as we have discussed previously. As a consequence,
we can confidently draw the following conclusions.
In the first place, it 1s worth noticing that the
self-similar fragmentation of the spectrum is a ro-
bust property of 3D Q8. Indeed, we have confirmed
it in two different scenarios, namely, extreme cases
of stretched bonding (transfer models) and wide
range of chemical doping (on-site models). In both
cases the hierarchy of the splitting spectrum pattern
remains unchanged and the gap labelling ordering
preserved. In the second place, we observe that the
asymptotic stability of the electronic spectrum,
which was previously reported in the study of
quasiperiodic superlattices [16], can be extended to
a wide class of QS. This result has important conse-

quences from a practical viewpoint as it indicates
that typically fractal features can be observed in the
transport properties of relatively short QS, which
are within the domain of actual technological capa-
bilities. In the third place, we have shown that the
equivalent bandwidth of the electronic spectrum
can be modified in a precise way by properly choos-
ing the sample size and the chemical diversity,
hence allowing for a certain kind of engineering of
the related transport properties. Finally, we con-
firm that the systems which we are dealing with
deserve a proper position in the orderings of matter
in their own right. In fact, in a recent work [14] we
have reporied that 1D QS are able to encode more
information, in the Shannon sense, than other usual
orderings of matter are able to do. This feature is
intimately related to the fact that QS describe far
from thermodynamical equilibrum systems. In this
work we provide substantial support to this view,
since we are considering a polymer which is not in
the equilibrium state described by an alternating
pattern of the conjugated bonds. Instead, we are
dealing with a polymer with either a quasiperiodic
arrangement of short and long bonds or a quasi-
periodic sequence of chemically doped sites. In both
cases we are describing systems which are not in its
state of minimum energy. Therefore, it is not sur-
prising that the corresponding 1DOS display rever-
sed level distribution at zero temperature {see Fig. 2),
a typical feature of nonequilibrium systems. To the
best of our knowledge the experimental realization
of such a kind of polymer has not been reported in
the literature. In this sense, we expect the theoret-
ical results we report in this work could receive
further attention by experimental researchers.
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