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We study tunneling of Dirac particles through Kronig-Penney models on general lattices, computing their transmission coeffi-
cient. We subsequently focus our attention on the Fibonacei lattice as a typical example of a quasicrystal. We compare our results
to the non-relativistic ones, and find a shrinkage of the spectrum similar to that of periodic systems,

1. Introduction

In recent years, much attention has been paid to
the study of aperiodic systems, either quasipcriodic
or random. In particular, a large amount of work has
been devoted to the one-dimensional (1D) Fibonacci
chain, as a suitable model for quasicrystals [1-10]
which in addition can be physically realized in the
form of superlattices manufactured by molecular
beam epitaxy [11]. This and other quasiperiodic
systems are of great interest in solid state physics be-
causc they are structures being intermediate between
periodic and fully disordered (random) ones. Elec-
tron dynamics in such models has been previously
studied in the framework of the Schrodinger equa-
tion, i.e., from the viewpoint of non-relativistic
quantum mechanics. However, it is well established
that a proper treatment of the motion of electrons in
condensed systems consisting of heavy atoms,
whether crystalline or disordered, should take into
account relativistic effects [12]. Relativistic elec-
tronic states have been considered in several works
(sce refs. [13-15], and references therein), in which
the electron interaction with the crysial has been pre-

sented by a 1D periodic array of J-function polen-
tials. However, the study of relativistic electrons in
disordered systems has received much less attention
[16,17], and, as far as we know, the motion of Dirac
electrons in quasiperiodic lattices has been ignored
in the literature.

In this Letter, we aim to study the tunneling of
Dirac particles through quasiperiodic barriers. We
choose the interaction potential to be

Vix)=4 ‘; d{x—x;), (1)

where we do not specify the positions x; at the mo-
ment. We first compule the transmission coefficient
by means of the transfer matrix technique, We show
that this coefficient can be cast in the form of a sim-
ple recurrence relationship that can be readily eval-
uated for any particular quasiperiodic or even ran-
dom lattice. At a subsequent stage, we select the
Fibonacci chain as a concrete cxample, in view of
the broad current knowledge on electron transmis-
sion through it [1-10]. Instead of doing an cxhaus-
tive study of all of the clectron propagation char-
acteristics, we concern ourselves with several points
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trying to clanify what are the main new features aris-
ing from the inclusion of relativistic effects and dif-
ferent from the already known ones of non-relativ-
1stic systems.

2. Single-site transfer matrix

Let us consider the |D Dirac equation for a rel-
ativistic electron with energy £ and mass m, scat-
tered by a single-site potential located at x;, given by
F{x)=Ad{x—x,), which, in the standard represen-
tation [18] and in units such that i=c=1, reads

[-iod/dx+a.m—E+Ad(x—xo) Jw(x)=0, (2)

with g, and a. being the 2 % 2 Pauli matrices and y(x)
the two-component wavefunction. In the force-free
region, scattering solutions (i.e., solutions with
Er=m?) of (2) can be written as

w(x)=0M(x)g,, if x>xo,

=QM(x)¢_, if x<x,, (3)

where ¢, are two-component constant spinors and
1 1

Q= (5_, _5_.), (4)
e 0

M=( 0 e—lq.x)' (5)

For the sake of simplicity, we have introduced the
notations g¢=(E*—=m>)Y? and é=[(E+m)/
(E—m}]""? both g and ¢ being teal for F*>m?>,

Owr next step is to define the transfer matrix T'(x,)
for the single-site potential according to the
relationship

¢ =T(x0)p_ . (6}

Taking into account that the boundary condition at
x=x, for the relativistic (electrostatic-like) d-func-
tion potential is [19]

w{xd )=W(iw(xy)

cos A —isini ~
z(—isini cos A )W(Xo ¥ 7

and using (3) and {(6) we find that the transfer ma-
trix for a single-site potential is given by
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T(xp)=M(—x0)Q "' W(1)QM(xp) . (8)

This expression will now allow us to compute the
transmission coefficient for the whole lattice in what
follows.

3. Transmission coefficient for the linear chain

The transfer matrix 7 for the potential ¥(x) given
in (1) is found as the product of the single-site ma-
trices for each individual d-function potential,

1
Th= 1_1 T(x,) . (%)

For convenience, fct us define the following uni-
modular matrices,

@, p
P-EQ"WU)QM(A)E( . ’.), (10)
S J Bf aj
where 4,=x;—x,_, and we have set xo=0 without
loss of generality, With this definition, some
straightforward algebra yields for the matrix ele-
ments the following expressions,

o;=[cos A—1{E/q) sin 1] exp(igd,) , {11)
B,=—i(m/q)sinlexp(—iqgd,} . {12)

It can be simply checked that |a;]?—|§;|*=1. Fur-
thermore, notice that o; and §; reduce, in the non-
relativistic and weak coupling limits, to those ob-
tained by Wiirtz et al. [4] in their computatlion
of the corresponding transfer matrix for the
Schrodinger equation with the potential (1).

In terms of the matrices £, the total transfer ma-
trix can be written, except by a constant phase factor,
as follows,

H
Tv=[]#- (13)
J=N
Recalling eq. (10), we can write
Te=(2¥ B, (14)
BY A%

with |Ay|2— |Bx|%=1. Since Ty=PyTy_;, wWe can
immediately derive the recurrence relationship
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B By
ANz(aN-i-a’f{rlﬁN—i] No1— ﬁf\i] An_2,

N=2.3, .., (15)

with initial conditions 4,=1, 4,=«a,. If we call

Ry=Re{Ay) and Ty=Im(Ay), eq. (15} splits into

the following two expressions,

Ry=2[cos Acos{gdy)+ (E/q) sindsin(gdy) ]Ry_,
—cos[g(dy —Av_ )1 Ry_3

—sin[g(dy—dn_ 1Y In_a, (16)

Iy=2[cos Acos(qdy)+{E/q) sin A sin{gdy) | In_,
—cos[g(dn—dn_1) 1n-:
+sin[g(dy —An_1 ) Ry 2, (17)

where the initial values are now Rgo=1, I,=0,
R =cosicos(gd,)+(E/g)sindsin(gd,) and I,=
cosdsin(gd,)—(E/g)sindcos(gd,).

As in the non-relativistic case, the transmission
coefficient 7, (E) for the lincar chain can be calcu-
lated from the matrix element Ay in the form

I 1
ldn1? — RR+HIR

tw(E)= (18)
For each particular configuration of the lattice, Ry
and /y can be obtained recursively from egs. (16),
(17) and the transmission coefficient subsequently
evaluated from eq. (18). As far as we have not im-
posed any constraint concerning the positions of the
J-functions, our treatment 1s vahd for any lattice of
equal strength scatterers, either periodic, quasi-pe-
riodic, or random. In the remaining of the paper, we
will choose for definiteness the Fibonaccl sequence
to carry out some analysis of the differences between
relativistic and non-relativistic transmission of par-
ticles through quasiperiodic systems.

4, Results and discussion for the Fibonacei chain

In order to facilitate a direct comparison to the
non-relativistic treatment, let us define e=E/m— 1,
which 1s nothing but the kinetic energy of the Dirac
particle expressed in units of /. Besides, we measure
lengths in units of m~! and take 4, =m~'=1. This
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does not restrict our computations because lengths
and energies (also masses) appear always as quo-
tients, and only their ratio will influence the trans-
mission properties. Thus, with these conventions, we
can now specify how our Fibonacci lattice is built up.
We will fix the strengths of our J-function potentials
to be A=n/4; the reason for this choice is simply to
study the situation in which the trigonometric func-
tions 1n the recurrence relationships (16), (17) con-
tribute in the same amount to the transmission coef-
ficient. On the other hand, the positions of the &-
function potentials are specified by [3]

;@:jﬂa_n[f“] (19)

Wy

where wy=(1 +\/§ V/2 is the golden mean, [z]
stands for the inieger number part of z, z any real
number, and a>1 is the lattice generator. In some
sense, a is a measure of the deviation of the lattice
from perfect periodicity. Notice that the Fibonacci
chain consists of alternating intervals of lengths 1 and
a arranged according to the Fibonacci sequence. So,
the greater a is the larger the difference between both
intervals becomes, and the more different the system
1s from a regular lattice.

Let us now turn to the results. We have summa-
rized the most interesting ones in figs. 1-3. Fig. |
shows the relativistic and non-relativistic transmis-
sion coefficients as a function of the particle energy
for a typical Fibonacci chain of order 16, i.e., with
N=F ;=987 é-function potentials, and a lattice gen-
erator a=2. In both cascs, we have observed the oc-
currence of energy gaps, for which transmission is
actually negligible. Qur numerical evaluation of the
recurrence relationships {(16), (17) for different
values of the lattice generator has allowed us to es-
tablish that the number of gaps increases with in-
creasing g, i.e., it increases as we get away from the
periodic lattice. There are also a number of energy
intervals or peaks for which the transmission coef-
ficient is close to unity. As could be expected, the
number of peaks increases (and their width de-
creases) with the number of scatterers N. Concern-
ing the differences between relativistic and non-re-
lativistic phenomena, we must conclude that the
inclusion of relatively does nol open any new energy
gap; rather well, it causes the shrinkage of the whole
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Fig. 1. {a) Non-relativistic and (b) relativistic transmission Fig. 2, Transmission coefficient versus chain length for energies

coefficients versus particle energy in a Fibonacci chain with
N=F,,=987 scatterers and lattice generator g =2,

spectrum (check the lettering indicating the same
gaps in both cases in fig. 1). To our understanding,
this is a very interesting result, since the same be-
haviour has been found to occur in periodic systems
[20]. Hence we can say that, with respect to trans-
mission properties, periodic and quasiperiodic sys-
tems exhibil the same behaviour upon taking into
account relativistic effects.

As a function of the chain length, the iransmission
coefticient shows an exponential decay for energy
values belonging to gaps (see fig. 2). The corre-
sponding decay (or localization) length docs not
strongly depend on the precise value of the energy
provided it is actually in a gap. When a comparison
1s made for cnergics in the same gap, we found it to
be a little larger in the relativistic case, that is to say,
relativistic particles penetrate further in the chain.
On the other hand, localization length diminishes
with increasing a. This is not a surprising result be-
cause, as we have already mentioned, the use of large
a values amounts to building more disordered lat-
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in the gaps of the same lattice of fig. 1. (a) Non-relativistic case,
€=4.966 (al the bottom of the gap.E of fig. 1). (b) Relativistic
case, €=2.672 (also at the botiom of gap E).

tices, and this greater disorder gives rise 1o a stronger
localization effect, However, we must say that the
rclativistic decay length diminishes faster with g than
the non-relativistic one, and for the value a=2 ithey
are more or less the same,

The behaviour of the transmission coefficient as a
function of the chain length becomes quile more
complicated when the energy value considered is not
one in a gap (see fig. 3). Both non-relativistic and
relativistic particles show an approximately periodic
depcndence of their corresponding transmission
coefficients on &V, with variation ranges from values
practically equal to unity to 10~3, The period of os-
cillations 1s larger the greater ¢ becomes. It is also
larger for relativistic than for non-relativistic scat-
tering. We stress again that comparisons must be car-
ried out for energy values that are not numerically
similar, but for those which correspond to states in
a similar position in the spectrum, having in mind
the shrinkage. This is so because we have found that
the amplitude of the oscillations of the transmission
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Fig. 3. Transmission coefficient versus chain length for energies
in the allowed bands of the same lattice of fig. |. (a) Non-relativ-
istic case, €= 5.846 (right at the edge of gap E). (b} Relativistic
case, e= 2,878 (also at the edge of gap E).

coefficient depends on the position of the considered
energy value in the allowed band. Allowed energies
very close to a gap show oscillations in ranges much
larger than energies well inside an allowed interval,
both in the relativistic and in the non-relativistic
transmission.

In summary, we have developed a formalism to
study relativistic transmission through general lat-
tices. As an illustration, we have applied it to a
Fibonacci lattice of cqual strength, d-function poten-
tials. We have found that the main difference caused
by relativity is the shrinkage of the spectrum, As a
consequence, the spectrum of a fixed energy interval
becomes more complex, with more gaps and allowed
bands than in the non-relativistic problem. A re-
markable feature of shrinkage 1s that, as allowed
bands are narrower in the relativistic case, the os-
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cillations in the transmission coefficient as a func-
tion of the chain length are more pronounced,
whereas for non-relativistic energies around the cen-
ter of an allowed band those oscillations are small
and the transmission coefficient is practically
conslant.
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