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and band 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Hungarian aristocrats around 1500 



(From "The First‐Digit Phenomenon" by T. P. Hill, American Scien.st, July‐August 1998) 

Benford's law can be used to test for fraudulent or random‐guess data in income tax 
returns and other financial reports. Here the first significant digits of true tax data taken by 
Mark Nigrini from the lines of 169,662 IRS model files follow Benford's law closely. 
Fraudulent data taken from a 1995 King’s County, New York, District AJorney's Office study 
of cash disbursement and payroll in business do not follow Benford's law. Likewise, data 
taken from the author's study of 743 freshmen's responses to a request to write down a 
six‐digit number at random do not follow the law. Although these are very specific 
examples, in general, fraudulent or concocted data appear to have far fewer numbers 
star.ng with 1 and many more star.ng with 6 than do true data. 



We have built on the work of Pietronero, Tossi, Tossi & Vespigniani (2001) and: 

•  Found a likely sta.s.cal‐mechanical structure 
  underlying the laws of Zipf and Benford 

•  Discovered a complete analogy with the transi.on to 
  chaos via intermiJency 



Some calcula*ons 

•  The probability of observa.on of the first digit n of number N is given by 

€ 

p(n) = N−1 dN =
n

n+1

∫ d(logN) =
n

n+1

∫ log((n +1) /n)

•  The rank k of a set of       data numbers is   

€ 

N

  

€ 

k = N N−1 dN = N log(Nmax /N(k))
N (k )

Nmax

∫

•  Or, equivalently,  

  

€ 

N(k) = Nmax exp −N -1 k[ ]

•  Benford’s law corresponds to a uniform distribu.on in logarithmic space 

€ 

P∫ (logN)d(logN) = C N−1dN∫ ⇒ P(N) ~ N−1



€ 

p(n) = N−α dN =
1

1−αn

n+1

∫ (n +1)1−α − n1−α[ ] , α >1

  

€ 

k = N N−α dN =
1

1−αN (k )

Nmax

∫ Nmax
1−α − N(k)1−α[ ] , α >1

€ 

lnq x ≡
x1−q −1
1− q

  

€ 

logα N(k) = logα Nmax (N ) −N -1 k
  

€ 

N(k) = Nmax expα −Nmax
α−1 N -1 k[ ]
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•  The rank k of a set of        data numbers is   

€ 

N

•  In terms of the q‐deformed logarithmic and exponen.al func.ons 

or 

and                                           we have 

•  In the limit 

€ 

N(k)∝ k1/1−α , α >1
€ 

Nmax →∞      we recover Zipf’s law 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expq (x) ≡ 1+ (1− q)x[ ]1/1−q

€ 

P(N) ~ N−α , α >1But when 



 Hu & Rudnick (1982) RG fixed‐point map for tangent bifurca*on 

€ 

xt = f *(t )(x0) = x0 expz(ux 0
z−1 t) = x0[1− (z −1)ux0

z−1t]
−
1
z−1

€ 

x'−(z−1)= x−(z−1) − (z −1)u, γ = 21/(z−1)
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x'= f *(x) = x expz (ux
z−1) ≡ x 1− (z −1)uxz−1[ ]

−
1
z−1

€ 

xt
−(z−1) = x0

−(z−1) − (z −1)ut
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lnz xt = lnz x0 − ut, x0 > 0

€ 

f *( f *(x)) = γ−1 f *(γ x)





Eigenfactors 

€ 

α = 2.01



•  Introduc.on 
•  Localiza.on 

•  Zipf’s and Benford’s laws 

•  Renewal processes 
•  Central limit theorem 

•  Summary 

Outline 



•  We offer a statistical-mechanical interpretation of the basic elements 
that constitute the theory of renewal processes.

•  Our purpose for developing this analogy is to facilitate the application 
of techniques and approximations built up and tested through a large 
amount of studies of thermal systems.

•  Potentially, these methodologies may have an effect in the study of 
complex systems in a variety of fields, in ecology, economy, sociology, 
etc., where stochastic processes such as that for the renewing of 
events often arise.  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ψ(t)
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ψn (t) = dt'ψ(t − t ')
0

t

∫ ψn−1(t'), n ≥1
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ˆ ψ n (ε) = ˆ ψ (ε)[ ]
n
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ψ(t;z) ≡ ψn (t) z
n

n=1

∞

∑
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ˆ ψ (ε;z) = ˆ ψ n (ε) zn
n=1

∞

∑ = ˆ ψ (ε) z 1− ˆ ψ (ε) z[ ] −1
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ˆ ψ (ε;z)

density distribu.on for wai.ng .mes 

everything can be extracted from this func.on 

Basics of renewal processes 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ˆ ψ (ε;z) = bz b + ε − bz( )−1

€ 

ψ(t) = bexp(−bt)

€ 

ˆ ψ n (ε) = bn (b + ε)−n

€ 

ψ(t;z) = btz exp(1− bt + btz)

€ 

ˆ ψ (ε) = b(b + ε)−1

€ 

ψn (t) =
(bt)n

n!
exp(−bt) Poisson distribu.on 

exponen.al wai.ng‐.me distribu.on 

An illustra.on 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ˆ ψ (ε;z) = ˆ ψ n (ε) zn
n=1

∞

∑ , z = expµ

€ 

ˆ ψ n (ε) = dt exp(−εt)
0

∞

∫ ψn (t) = ˆ ψ (ε)[ ]
n
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Sε ,µ ≡ ln ˆ ψ (ε;z),

Sε ,n ≡ ln ˆ ψ n (ε),
St,µ ≡ lnψ(t : z),
St,n ≡ lnψn (t)

€ 

St,n = tε − nµ

a grand canonical par..on func.on? 

a canonical par..on func.on? 

entropies or Massieu poten.als? 

an Euler rela.on? 

A sta.s.cal‐mechanical structure? 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ψn (t) =
1

2πi
dε

c− i∞

c+ i∞

∫ exp(εt) ˆ ψ n (ε) =
1

2πi
dε exp n ετ + ln ˆ ψ (ε)( )[ ]c− i∞

c+ i∞
∫ , τ ≡ t /n
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n−1 lnψn (nτ ) = ε0τ + ln ˆ ψ (ε0)
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t = n(b + ε0)
−1
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ψn (t) ≅ expSt ,n where St ,n = −tε0 + Sε 0 ,n  with Sε 0 ,n ≡ ln ˆ ψ n (ε0)
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ψ(t) = exp(−bt)
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τ = −
d
dε

ln ˆ ψ (ε)
ε=ε 0

€ 

St,n = ln (btn−1)n exp(n) exp(−bt)[ ]

when 

saddle‐point approxima.on 

From canonical to micro canonical 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St,n = ln (bt)
n

n!
exp(−bt)
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Anomalous determinis*c diffusion 

BG sta*s*cs  q‐sta*s*cs 

•  Distribu*on of cell residence *me intervals 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Ψ(t,x0) = exp [ − a1(x0) t]
€ 

Ψ(t,x0) = dt'
0

t

∫ ψ(t ',x0)

•  Repeated‐cell maps 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Ψ(t,x0) = expq [ − aq (x0) t]
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zµ∞
(N) ≡ xt

t=1

N

∑

€ 

z'µ∞ (N) ≡ xt − e( )
t=1

N

∑

Sum of posi*ons inside the Feigenbaum aQractor 



μ

One percent devia*on from the onset of chaos 



Band spliSng in ‘mean field’ 

•  Consider that band spliXng scales with the most crowded and 
   sparse regions of the mul.fractal aJractor, i.e. 

•  The widths of the bands form a Pascal triangle across band spliXng 



•  A RG view of the CLT as illustrated by chaotic band attractors 
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