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Historical Introduction
gisSe

@ Quantum Vacuum induces an atractive
force between uncharged plates
because vacuum fluctuations of em
field: [Casimir, 1948. Proc. K. Ned. Akad. Wet.
51, 793]

@ It has recently been measured with
great precision: [Mohideen and Roy, 1998.
PRL, 81, 4549]
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Casimir Calculation

@ Vacuum Energy . gﬁ
E=>_ 2”

@ Perfect Metal Plates

¢n(0) - ¢n(Lx) =0

@ Stationary modes of EM field:

bn = €™ e sin (kx) W = Cy /K2 + k2 + k2

@ Having into account the 2 polarizations of EM field:

a’k Z (—n) + K+ k2 = 00

thL

dk
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Casimir Calculation

Non compensation of vacuum density o —
of energy out and between the plates, gﬁ

there are more modes in than out the pertect
plates:

Inside: k,=2n VneZ

Outside: k,=2n VneR

Both vacuum energies diverge, but
their difference is finite:

her?

(E)in = E)ous = ~ 72003
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Partition function with Boundary Conditions

@ Electromagnetic field at a temperature T constrained because N
dielectrics.

zZ= /DA# H 0 [Co|A*] = 0] eth Elo” dxd [ drarDA,,
@ EM field is bosonic, then
A“(xo, r) = A“(x0 + heB,r) = A“(xo, r) = ZneZAﬁ(r)e“’“"xO

Z:HZ,,

nez
@ Functional Dirac delta:

5 [CalA¥] = 0] = / D) el o

n = /DAM H /DJ e fdrA“ A_Hi )A“+Ea lf dra]ozAu

Pablo Rodriguez-Lopez (UCM) Multiscattering formalism of Casimir Effect 18 - February - 2011



Partition function with Boundary Conditions
@ Carrying out the integral over A,, we obtain: gﬁ

N
z, =11 / Djtte™ 25 Tt Tpmt Jo dloc [ a1 (Fe) G (P ¥ in) 5 0 5)

@ Multipolar expansion of currents j = " j,O.

/ e_n‘r 'l re, z
vv] nz Z Y (KE)YL (K1)

A = | ;i
Gij(r,r', k) [ 1 |r r,l
=1 m=—1

S S gnunen) 0 / e (1)1 (i)

=1 m=—I
N lmlm
2= TT T | Dt Eesm Do G5

a=1 Im
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Partition function with Boundary Conditions

O Then the solution is gﬁ
1

@ With
Maﬁ = 5aﬁT;1 + (5ag — I)Uag

o T, = T matrix of the a-th object.
e U*# = Translation matrix from «a-th object to 3-th object.

© Subtract the energy when the objects are at an infinite distance
from each other

oo !

F= kBTZ [log |M(k,)| — log | M (%n)|]
n=0
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Partition function with Boundary Conditions

gIsc

©@ Then the Helmholtz Free energy is

oo /!
hc [
= — i = — I[—
F kBTZO log T — N(x,)| Jim F = ¢ /0 drlog T — N(x)|
@ With M)
Rn
M) g s,

@ |In particular, for a 2 objects problem

N =T U, T,Uy
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Casimir energy between non parallel cylinders

gIsc

N\
Parallel Cylinders Non Parallel Cylinders
ExL 1
B @)
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Asymptotic results

@ Small Radius Approximation gﬁ
5 5
5= S asin(0) lcog2 (24) W
il o
A= -dog @ o
o PFA - : -
B, — her R B = hcL? R

~ 720sin(0) (d — 2R)?
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Numerical results
gisSe
Z'Of

T
Esra/Epra 0= —
2
15[
o Eppa/Epra
05[
P T S S S S N S S S S R S S S P | r = IS
01 0.2 03 0.4 05 d

Figura: Numerical Results
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Casimir energy between 2 spheres & a plate

@ How is modified the force between 2 bodies when a third enters in
the system?

@ Holds Casimir forces a superposition principle?

2R < '
L
H

fa\b3
e
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Anisotropic Dipoles
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2 perfect metal spheres
gise

Euo/Eas(H — o0) (dashed) 10
F/F(H — ) (solid)

optobottom:
WR-304060

o,
\
2R| | —l———t—>- | ime
L ! —
‘;//// X X 025

topto bottom:
HR=11,13,15,30,40,60
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2 perfect metal spheres

22| F/F(H — o)

108
Dots top to bottom:
20 R/L=0.05,0.10,0.15, 1.06] -
0.20,0.25,0.30 .
2R e
L 18
102
H 16

) 1 2(H-R)/R 3 4 5
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Pairwise Summation Approximation

@ Approximations to Casimir Interaction gﬁ

@ Proximity Force Approximation (PFA)
o Pairwise Summation Approximation (PSA)

@ When PSA is a valid approximation?

d2 hem? dE__ 23hc p ok
B 720R3 dvidV,  4xR 7

d°E
A== E= [av, [ av
/ /1 Vi /2 > dvidv,

C%D ® &
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Our approximation to the problem
gisC
hc

E=— dmogm—ﬂrlUUTZUﬂ\
27

@ EGJK formula

@ Expansion of log-det formula

— 1
log|I—N|=Trlog(I - N Z—

“B

@ Small N approximation
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Born approximation of T matrix
°S=1[ aw (eEz + unz) M

0 S =7 [od (6052 + MOHZ) + 01 5 fo, A ((Ei — €0) E* + (i — po) Hz)

we(8 )G e o
@ with

(] g,' = (Ei — 60)
© fui = (ki — po)
1VreQ;
° Xi(r):{ 0Vr &,
@ Lippmann - Schwinger equation for the T matrix and Born
approximation

T=(1-VGy) 'V=> (VG)'V=V
n=0

@ Approximation valid for small V;, it is, small ¢; and ;.
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U matrix as matritial Green function

® Go(R,k) = &, with R = [r — 1|,
GEE GEH [HZ(S" + v.v/.] _I‘QG"kvk
Ua — 0ij 0ij _ ij iVj ij i
- < Goii  Goif ) ( Keijk Vi (k%0 + ViV 0 (R, )
@ then
G2 =k B 3+ 3kR 2R2 @ (1 R sz) 5
0ij — Y0ij 47TR3 ( + 3R+ K ) = -+ + kR + K ;

e "Rk 1
GOl] = —Gg-]E = 4 RR ( aF R) fiijk
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PSA energy

@ Lowest expansion energy m

he [°° he [°
Epsp = —— drTr (N) = —/ drTr (V] G012V2G021)
27'[' 0 27T 0

@ Trace over E-H space

Epsp = _he / - drTr < V§G§1%V2§G§2f} i ViGi%VZG%@ >
27 Jo V1 Go1aV2 Gt + V1P Gor V' G

Epsa = Egg + Egy + Ege + Enn
Q Trace over positions (points of the space)

TERE = Tr (VE(r) Gy (r — 1) V5 (1) Gaay (f — 1))
TfEEE = /dn /dl'zTr (Vf(rl)GOEfz(rl = rg)Vf(rz)Ggfl (r2 = rl))

TEPE — &6, / ar, / deyTr (GEE (1 — 1) GEE (1 — 1))
(9 Q
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© Trace over space coordinates

—2KkR
Tr (Go12Gom ) = @rw (26*R* + 41°R® + 105°R? + 125R + 6)
ele-iR i
Tr (6012G021) W (211 R* + 4kR + 2)

@ Performing the x integration, we obtain the PSA energy for 2
objects at zero temperature as

—he . _ - . _ - drdr,
E=——123 -7 -7 23 —_—
TE [23€1& — Té1fiz — T € + 23i1 fiz] /1/2 TR
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Feinberg and Sucher potential

@ PSA energy for 2 objects

—he dridr;
E = 2 — 2 —
@ny [23€1& — Té1fiz — T & + 23i1 fiz] // TR
@ Far Distance Approximation: Characteristic radius of the objects
much smaller than the distance between them R = |r; — r»|, in this

case.
// dridr; ViV,
|r1 _ r2|7 ~ 7

@ Polarizabilities are related with permeabilities in the diluted limit
as:

74
E H_ -~
< 647‘(‘ - 'u47r

@ Feinberg and Sucher potential as FDA of PSA

=g |

23aias — Tajah — Tof'ab + 2301 af]
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Superposition of Casimir energies in PSA

@ EGJK formula for N bodies T Y
= My(s) diSC
N

M
Bn = ksT) log (|MN,oo<nn>> ’

@ Myg = 5Q5T;] + (0ap — DUqp
Qo Mag’oo = 5Q5T;1

IMy| = [My—q| |Tn| ™" [T — Ty Uy -1 My Un_1 4|

OM=T"'+U=M"'=TYX>, (-UT)" = M ~T]

N—1
M| = [Miy—i| [Tw|™" T IT— Nl

m=1
@ Pairwise energies in the diluted limit.

/! N I-1

EN = kBTZ Z Z log |]I — Nlm|

n=0 [=2 m=1
@ Corrections gives non-pairwise contributions.
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Repulsion in Casimir effect

@ Casimir force between dielectrics is (almost) always attractive.
@ Casimir force is dominant in nanoscale, it leads to scition.

@ Could we obtain repulsive Casimir forces?

@ Topological Insulators

E/Eq
.. P
\
B
\\
D = ¢E+—0B \ ——f//"/' - 0, = 5w
™ - \ e 91 = 3T
A= B-20F P
d/dyp

Figura: T =0
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Repulsion in Casimir effect

Figura: T > 1 Figura: T =0
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@ Multiscattering formalism for Casimir effect

@ Casimir energy between non parallel cylinders.

@ Justification of PSA energy in the diluted limit.

@ Superposition behaviour of Casimir energy in the diluted limit.

@ Repulsion and Equilibrium distances with Topological Insulators.
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