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Historical Introduction

Quantum Vacuum induces an atractive
force between uncharged plates
because vacuum fluctuations of em
field: [Casimir, 1948. Proc. K. Ned. Akad. Wet.
51, 793]

It has recently been measured with
great precision: [Mohideen and Roy, 1998.
PRL, 81, 4549]
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Casimir Calculation

Vacuum Energy

E =
∑

n

~ωn

2

Perfect Metal Plates
φn(0) = φn(Lx) = 0

Stationary modes of EM field:

φn = eiωnteikyyeikzz sin(kxx) ωn = c
√

k2
x + k2

y + k2
z

Having into account the 2 polarizations of EM field:

E = 2
~c
2

LyLz

(2π)2

∫ ∞
−∞

dky

∫ ∞
−∞

dkz

∞∑
n=1

√(
π

Lx
n
)2

+ k2
y + k2

z →∞

Pablo Rodriguez-Lopez (UCM) Multiscattering formalism of Casimir Effect 18 - February - 2011 5 / 29



Casimir Calculation
Non compensation of vacuum density
of energy out and between the plates,
there are more modes in than out the
plates:

Inside: kn = 2π
L n ∀n ∈ Z

Outside: kn = 2π
L n ∀n ∈ R

Both vacuum energies diverge, but
their difference is finite:

〈E〉in =
~c
2

∑
n∈Z

kn →∞

〈E〉out =
~c
2

∫ ∞
−∞

k(n)dn→∞
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Partition function with Boundary Conditions

1 Electromagnetic field at a temperature T constrained because N
dielectrics. [Emig et. al., PRL, 99, 170403 (2007).]

Z =

∫
DAµ

N∏
α=1

δ [Cα[Aµ] = 0] e
−1
2~c

∫ ~cβ
0 dx0

∫
drAµ�Aµ

2 EM field is bosonic, then
Aµ(x0, r) = Aµ(x0 + ~cβ, r)⇒ Aµ(x0, r) =

∑
n∈Z Aµn (r)eiκnx0

Z =
∏
n∈Z
Zn

3 Functional Dirac delta:

δ [Cα[Aµn ] = 0] =

∫
Djµ,n,αe

∫
α drαjµ,n,αAµn

Zn =

∫
DAµ

N∏
α=1

∫
Djµαe−

β
2

∫
drAµ(∆+κ2

n)Aµ+
∑N
α=1

∫
α drαjµαAµ
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Partition function with Boundary Conditions
4 Carrying out the integral over Aµ we obtain:

Zn =

N∏
α=1

∫
Djµαe−

1
2β

∑N
α=1

∑N
β=1

∫
α drα

∫
β drβ jµα(rα)Gµν(rα,rβ ,κn)jνβ(rβ)

5 Multipolar expansion of currents j =
∑

n jnQn.

Gij(r, r′, κ) =

[
δij −

1
κ2∇i∇′j

]
e−κ|r−r′|

4π|r− r′|
= −κ

∞∑
l=1

l∑
m=−l

ψreg
lm (κr)ψout

lm (κr′)

jα(r) =

∞∑
l=1

l∑
m=−l

Qα
lmψ

out
lm (κr) Qα

lm =

∫
drjα(r)ψreg

lm (κr)

Zn =

N∏
α=1

∏
l,m

∫
DQα

lme
−1
2β

∑
α,l,m

∑
β,l′,m′ QαlmM

lm,l′m′
αβ Qβ

l′m′
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Partition function with Boundary Conditions

6 Then the solution is

Z =
1√
|M|
⇒ log(Z) = −1

2
log |M|

7 With
Mαβ = δαβT−1

α + (δαβ − 1)Uαβ

Tα = T matrix of the α-th object.
Uαβ = Translation matrix from α-th object to β-th object.

8 Subtract the energy when the objects are at an infinite distance
from each other

F = kBT
∞∑

n=0

′

[log |M(κn)| − log |M∞(κn)|]
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Partition function with Boundary Conditions

9 Then the Helmholtz Free energy is

F = kBT
∞∑

n=0

′

log |I− N(κn)| lı́m
T→0
F =

~c
2π

∫ ∞
0

dκ log |I− N(κ)|

10 With
|M(κn)|
|M∞(κn)|

= |I− N(κn)|

11 In particular, for a 2 objects problem

N = T1U12T2U21
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Casimir energy between non parallel cylinders

Parallel Cylinders

E ∝ L

Non Parallel Cylinders

E ∝ 1
sin(θ)
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Asymptotic results

Small Radius Approximation

Eθ = − ~c
8d sin(θ) log2 ( R

2d

)Ω(θ)

E‖ = − ~cL
8πd2 log2 ( R

2d

)
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Numerical results
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Figura: Numerical Results
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Casimir energy between 2 spheres & a plate

How is modified the force between 2 bodies when a third enters in
the system? [P. Rodriguez-Lopez et. al., Phys. Rev. A 80, 022519 (2009)]

Holds Casimir forces a superposition principle?

2 R
L

H
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Anisotropic Dipoles
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2 perfect metal spheres
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2 perfect metal spheres

2 R
L

H

0.98

1.00

1.02

1.04

1.06

1.08

1.10

0 2 4 6 8 10

1.0

1.2

1.4

1.6

1.8

2.0

2.2

1 2 3 4 50

Dots top to bottom:
R/L = 0.05, 0.10, 0.15, 
           0.20, 0.25, 0.30 

Pablo Rodriguez-Lopez (UCM) Multiscattering formalism of Casimir Effect 18 - February - 2011 17 / 29



Pairwise Summation Approximation

Approximations to Casimir Interaction
Proximity Force Approximation (PFA)
Pairwise Summation Approximation (PSA) [Lifshitz, Sov. Phys. Rev. 73,
360 (1948)] , [Golestanian, PRL, 95, 230601 (2005)] , [Milton et. al. PRL,. 101,
160402 (2008)] .

When PSA is a valid approximation?

d2E
dA

= − ~cπ2

720R3

E =

∫
s
dA

d2E
dA

d6E
dV1dV2

= − 23~c
4πR7 α

E
1α

E
2

E =

∫
1

dV1

∫
2

dV2
d6E

dV1dV2
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Our approximation to the problem

EGJK formula

E =
~c
2π

∫ ∞
0

dκ log
∣∣I− T1U12T2U21∣∣

Expansion of log-det formula

log |I− N| = Tr log (I− N) = −
∞∑

p=1

1
p

Tr (N)p

Small N approximation

E ≈ − ~c
2π

∫ ∞
0

dκTr (N)
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Born approximation of T matrix

S = 1
2

∫
Ω

dxµ
(
εE2 + µH2

)
S = 1

2

∫
Ω

dxµ
(
ε0E2 + µ0H2

)
+
∑N

i=1
1
2

∫
Ωi

dxµ
(

(εi − ε0) E2 + (µi − µ0) H2
)

Vi =

(
VE 0
0 VH

)
=

(
ε̃i 0
0 µ̃i

)
χi (r) (1)

with
ε̃i = (εi − ε0)
µ̃i = (µi − µ0)

χi (r) =

{
1 ∀r ∈ Ωi

0 ∀r 6∈ Ωi

Lippmann - Schwinger equation for the T matrix and Born
approximation

T = (I− VG0)−1 V =

∞∑
n=0

(VG0)n V ≈ V

Approximation valid for small Vi, it is, small ε̃i and µ̃i.
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U matrix as matritial Green function

G0 (R, κ) = e−κR

4πR , with R = |r− r′|.

Uαβ =

(
GEE

0ij GEH
0ij

GHE
0ij GHH

0ij

)
=

(
[κ2δij +∇i∇′j] −κεijk∇k

κεijk∇k [κ2δij +∇i∇′j]

)
G0 (R, κ)

then

GEE
0ij = GHH

0ij = − e−κR

4πR3

[(
3 + 3κR + κ2R2) RiRj

R2 +
(
1 + κR + κ2R2) δij

]

GEH
0ij = −GHE

0ij =
e−κR

4πR
κ

R

(
κ+

1
R

)
εijkRk
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PSA energy
Lowest expansion energy

EPSA = − ~c
2π

∫ ∞
0

dκTr (N) = − ~c
2π

∫ ∞
0

dκTr (V1G012V2G021)

1 Trace over E-H space

EPSA = − ~c
2π

∫ ∞
0

dκTr
(

VE
1 GEE

012VE
2 GEE

021 + VE
1 GEH

012VH
2 GHE

021
+VH

1 GHE
012VE

2 GEH
021 + VH

1 GHH
012VH

2 GHH
021

)
EPSA = EEE + EEH + EHE + EHH

2 Trace over positions (points of the space)

TrEEE = Tr
(
VE

1 (r1)GEE
012(r1 − r2)VE

2 (r2)GEE
021(r2 − r′1)

)
TrEEE =

∫
dr1

∫
dr2Tr

(
VE

1 (r1)GEE
012(r1 − r2)VE

2 (r2)GEE
021(r2 − r1)

)
TrEEE = ε̃1ε̃2

∫
Ω1

dr1

∫
Ω2

dr2Tr
(
GEE

012(r1 − r2)GEE
021(r2 − r1)

)
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PSA energy

3 Trace over space coordinates

Tr
(
GEE

012GEE
021
)

=
e−2κR

(4π)2R6

(
2κ4R4 + 4κ3R3 + 10κ2R2 + 12κR + 6

)
Tr
(
GEH

012GHE
021
)

= − e−2κR

(4π)2R4

(
2κ2R2 + 4κR + 2

)
Performing the κ integration, we obtain the PSA energy for 2
objects at zero temperature as

E =
−~c
(4π)3 [23ε̃1ε̃2 − 7ε̃1µ̃2 − 7µ̃1ε̃2 + 23µ̃1µ̃2]

∫
1

∫
2

dr1dr2

|r1 − r2|7
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Feinberg and Sucher potential

PSA energy for 2 objects

E =
−~c
(4π)3 [23ε̃1ε̃2 − 7ε̃1µ̃2 − 7µ̃1ε̃2 + 23µ̃1µ̃2]

∫
1

∫
2

dr1dr2

|r1 − r2|7

Far Distance Approximation: Characteristic radius of the objects
much smaller than the distance between them R = |r1 − r2|, in this
case: ∫

1

∫
2

dr1dr2

|r1 − r2|7
≈ V1V2

R7

Polarizabilities are related with permeabilities in the diluted limit
as:

αE = ε̃
V
4π

αH = µ̃
V
4π

Feinberg and Sucher potential as FDA of PSA [Feinberg and Sucher,

PRA. 2, 2395 (1970)]

E =
−~c
4πR7

[
23αE

1α
E
2 − 7αE

1α
H
2 − 7αH

1 α
E
2 + 23αH

1 α
H
2
]
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Superposition of Casimir energies in PSA
EGJK formula for N bodies

EN = kBT
∞∑

n=0

′

log
(
|MN(κn)|
|MN,∞(κn)|

)
,

Mαβ = δαβT−1
α + (δαβ − 1)Uαβ

Mαβ,∞ = δαβT−1
α

|MN | = |MN−1| |TN |−1 ∣∣I− TNUγ,N−1M−1
N−1UN−1,γ

∣∣
M = T−1 + U⇒M−1 = T

∑∞
n=0 (−UT)

n ⇒ M−1 ≈ T

|MN | = |MN−1| |TN |−1
N−1∏
m=1

|I− Nlm|

Pairwise energies in the diluted limit.

EN = kBT
∞∑

n=0

′ N∑
l=2

l−1∑
m=1

log |I− Nlm|

Corrections gives non-pairwise contributions.

Pablo Rodriguez-Lopez (UCM) Multiscattering formalism of Casimir Effect 18 - February - 2011 25 / 29



Repulsion in Casimir effect

Casimir force between dielectrics is (almost) always attractive.
Casimir force is dominant in nanoscale, it leads to scition.
Could we obtain repulsive Casimir forces?
Topological Insulators [A. G. Grushin, P. Rodriguez-Lopez, and A. Cortijo,

ArXiv:1102.0455]

~D = ε~E+
α

π
θ~B

~H = µ−1~B−α
π
θ~E
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Figura: T = 0
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d/d0

θ2 = −π

θ1 = 5π
θ1 = 3π
θ1 = π
θ1 = − π
θ1 = −3π



Repulsion in Casimir effect
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Conclussions

Multiscattering formalism for Casimir effect
Casimir energy between non parallel cylinders.
Justification of PSA energy in the diluted limit.
Superposition behaviour of Casimir energy in the diluted limit.
Repulsion and Equilibrium distances with Topological Insulators.
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