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Colloidal heat engines: a review

Ignacio A. Martı́nez,a Édgar Roldán,bc Luis Diniscd and Raúl A. Rica*e

Stochastic heat engines can be built using colloidal particles trapped using optical tweezers. Here we

review recent experimental realizations of microscopic heat engines. We first revisit the theoretical

framework of stochastic thermodynamics that allows to describe the fluctuating behavior of the energy

fluxes that occur at mesoscopic scales, and then discuss recent implementations of the colloidal

equivalents to the macroscopic Stirling, Carnot and steam engines. These small-scale motors exhibit

unique features in terms of power and efficiency fluctuations that have no equivalent in the macro-

scopic world. We also consider a second pathway for work extraction from colloidal engines operating

between active bacterial reservoirs at different temperatures, which could significantly boost the

performance of passive heat engines at the mesoscale. Finally, we provide some guidance on how the

work extracted from colloidal heat engines can be used to generate net particle or energy currents,

proposing a new generation of experiments with colloidal systems.

1 Introduction: miniaturization of heat
engines

Constructing efficient and powerful artificial motors at the micro-
and nanoscales is currently one of the most challenging goals of
physics and engineering.1–4 Mesoscopic machines operating at
small scales can perform multiple tasks that are inaccessible for
macroscopic engines, such as, transporting cargo inside cells or
along microchannels, mixing fluids, and killing cancer cells in a
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selective manner.5–7 As for macroscopic engines, the working
principle of artificial micro- and nano-engines is the conversion of
a given fuel (such as thermal or chemical energy) into mechanical
energy or work. A hallmark of mesoscopic engines is that the
magnitude of the energy fluctuations is of the same order of the
average energy flows that fuel or are produced by such machines.
Hence the performance of a mesoscopic machine depends
strongly on the properties of the surrounding environment.
This motivates the study of the thermodynamics of stochastic
processes and raises the question whether novel strategies can
be used to optimize the performance of small engines.

The idea of converting or rectifying thermal fluctuations into
mechanical work using a small device dates back to the well-
known Maxwell’s demon.8 In the beginning of the 20th century,
Lipmann introduced a thought or gedanken experiment where
a mesoscopic paddle immersed in a gas performs Brownian
motion due to the collisions with the gas molecules. Lippman’s
paddle can be set into a preferential rotation direction by
attaching it to a ratchet wheel secured by a pawl and spring
mechanism. Smoluchowski proved that Lippmann’s device would
fluctuate but not move on average at thermal equilibrium.9 Later
on, Feynman showed that such a device can actually perform work
(such as lifting a small weight) by immersing the wheel and the
paddle in two thermal reservoirs at different temperatures.10

Feynman’s ratchet cannot however reach Carnot efficiency even
at zero power because the engine is constantly in contact with
two different thermal baths and hence works in the non-
equilibrium regime.11

The introduction of ratchets represented an important step
forward in the study of Brownian motors. Ratchets are isother-
mal motors that can extract mechanical work in asymmetric
environments. Hence, ratchets are not fuelled from the net heat
flow between two different reservoirs but from the interaction
with a nonequilibrium energy source, like an externally-driven

potential or a chemical potential difference. In Magnasco’s
thermal ratchet model, a Brownian particle moving in an asym-
metric potential can be drifted under isothermal conditions
applying an external stochastic force with time correlations to
the particle, thus breaking detailed balance.15 Ajdari and Prost
introduced the flashing ratchet, where a Brownian particle is
drifted in a periodic asymmetric potential that is switched on
and off stochastically.16,17 The flashing ratchet mechanism is
nowadays considered as the mechanism that drives the motion
of many molecular motors against external forces18 such as
myosin motors responsible for muscular contraction19 or RNA
polymerases that are responsible for transcription of DNA into
RNA.20 After the introduction of Brownian ratchets, a plethora
of Brownian motors21 have been introduced from both the
theoretical and experimental points of view: rocking, pulsating,
gating or friction ratchets,5,22 multiparticle ratchets,23,24 mechano-
chemical,25 magnetic26 and quantum ratchets.27 The working
substance in these motors can be of a different nature: colloidal
particles immersed in water,28,29 vortices in superconductors,30

electrons,31 Janus particles,32 and bacteria33 are just a few
examples.

The first studies on ratchets focused mainly on transport
properties and current analysis. Shortly after, the interest in power,
energy consumption and efficiency arose. In 1998 Sekimoto
introduced a theoretical framework that allows quantifying
thermodynamic quantities such as heat and work for colloidal
systems described by a Langevin equation.34 Following this
study, stochastic thermodynamics35 has been established as a
branch of statistical physics that describes the nonequilibrium
fluctuations of physical systems strongly affected by thermal
fluctuations.36,37 A milestone of stochastic thermodynamics
has been the introduction of stochastic heat engines, where a
Brownian particle acts as a working substance that is cyclically
put in contact with several thermal reservoirs.38,39
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Raúl A. Rica
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The fast development of miniaturization techniques together
with the aforementioned theoretical developments have led to a
deep understanding of the mechanisms of work extraction in the
mesoscale under isothermal conditions, as reviewed in ref. 5 and
22. Only in the last decade however, technological advances have
allowed the realization of Brownian heat engines introduced
in stochastic thermodynamics, which operate in asymmetric
thermal environments, e.g. under temporal changes of the
temperature of the environment or under active nonequili-
brium thermal noise. This review focuses on the experimental
realizations of colloidal heat engines that operate between
different thermal reservoirs. The first Brownian heat engines
have been realized using microscopic particles trapped using
optical tweezers,1–4 which are the central case studies of this
review. While optical tweezers have found an extraordinary
application in heat engines built with micrometer sized particles,
protocols to realize such processes do also exist at sub-micron,40

nano- and atomic41–43 scales.
The discussion we did so far has considered passive media,

i.e., thermal baths verifying Boltzmann statistics. However,
many of the envisioned scenarios where heat-to-work conver-
sion can be of interest involve the presence of nonequilibrium
fluctuations due to the presence of active media, mostly in
systems of biological origin.18,44,45 Active media exhibit a
very rich phenomenology,45 and some examples are bacterial
baths,13 the cell cytoplasm,46 animal flocks45 or swarms of
chemical catalysts.47 From a thermodynamic point of view,
a distinct feature of active baths is the possibility of their
components to absorb energy and transform it into useful work
and dissipated heat. Notably, the statistics of the energy-
fluctuations of active baths are non-Gaussian as is in general
for small systems both under equilibrium and nonequili-
brium conditions.48–52 Some recent experiments53 have inves-
tigated to what extent do active baths lead to deviations from
the state-of-the-art theory,54,55 and very recently an imple-
mentation of a heat engine in a bacterial active bath4 has been
achieved.

Recent reviews have discussed topics related to that of the
present review. Seifert35 thoroughly reviewed the theoretical
insights provided by the emerging field of stochastic thermo-
dynamics, with special emphasis on the fluctuations of
stochastic heat engines. Toyabe and Sano56 have discussed
the nonequilibrium insights on biological machines. Bechinger
et al.57 reviewed the field of active self-propelled Brownian
particles in different types of environments, and in particular
highlight the need to apply the framework of stochastic
thermodynamics to systems coupled to active media. Finally,
Reichhardt and Reichhardt58 report on ratchets that are driven
by active thermal baths. Our discussion is distinct in the
sense that it deals with colloidal engines that operate between
different thermal baths, i.e. with cycles including non-isothermal
processes, both in passive and active media, as illustrated in
Fig. 1. As a genuine aspect of our review, we emphasise on the
unique features found in the fluctuations of Brownian heat
engines, in particular regarding their efficiency. These unique
features seem counter intuitive but are at the same time very

appealing as a way to inspire future developments of micro-
and nanomachines.59

This review is organized as follows. In Section 2 we provide a
brief introduction to the emerging field of stochastic thermo-
dynamics, focusing on its formulation for colloidal systems
described by a Langevin equation. In Section 3 we review
experiments on stochastic thermodynamics performed with a
single colloidal particle in an optical trap. Section 4 is the
central part of this review, where we discuss recent designs of
colloidal heat engines using optical tweezers, both in passive or
an active media. In Section 5 we sketch some conclusions
pointing to the most interesting achievements on this topic
and provide an outlook on how the work extracted from
colloidal heat engines could be used to induce net particle or
energy currents.

2 Thermodynamics of Brownian
engines: the meaning of fluctuating
thermodynamic quantities
2.1 Stochastic energetics

A particle immersed in a fluid experiences an erratic or Brownian
motion due to the continuous impacts of the molecules of the
environment on the particle.60 The Langevin equation provides a
coarse-grained or effective description of Einstein’s theory for
the dynamics of a Brownian particle in a fluid.61

For simplicity we consider a particle of mass m that is
immersed in a thermal bath at temperature T and moves in
one dimension, with its position at time t denoted by x(t). The
particle can be trapped with a conservative force generated by
an attractive potential U(x;t) that may be changed arbitrarily in
time following a specific protocol. Additionally, external non-
conservative forces F(x,t) can be applied directly to the particle
thus driving it to a nonequilibrium state. The dynamics of

Fig. 1 Mesoscopic heat engines. Classification of mesoscopic heat engines
in terms of the thermal properties of the environment (isothermal, constant
temperature; non-isothermal, time-dependent temperature) and in terms of
the presence or not of active processes (non due to an external agent). This
review is focused on non-isothermal passive and active colloidal engines.
The figures are examples of the different types of engines.1,4,12–14
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the particle can be described by the underdamped Langevin
equation:5,22,62,63

m
d2xðtÞ
dt2

¼ �@UðxðtÞ; tÞ
@x

þ FðxðtÞ; tÞ � g
dxðtÞ
dt
þ xðtÞ; (1)

with
dxðtÞ
dt
¼ vðtÞ the velocity of the particle at time t and

@UðxðtÞ; tÞ
@x

¼ @Uðx; tÞ
@x

����
x¼xðtÞ

. The last two terms in (1) account

for the interactions between the environment and the particle.
The term �gdx(t)/dt is the friction force due to the drag of the
particle in the environment with g the friction coefficient. The
last term x(t) is an effective stochastic force that models the
random impacts of the environment molecules on the particle.
This stochastic force is described as a Gaussian white noise
whose average over many realizations vanishes hx(t)i = 0 and its
correlation is hx(t)x(t0)i = s2d(t� t0). The fluctuation–dissipation
relation imposes that the amplitude of the thermal force is
s ¼

ffiffiffiffiffiffiffiffiffiffiffi
2kTg
p

, with k Boltzmann’s constant.
The dynamics of a Brownian heat engine that is put in

contact with two thermal baths at different temperatures
Th and Tc o Th can be described using eqn (1) and allowing
the thermal force to change its amplitude in time between
sh ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2kThg
p

and sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2kTcg
p

. An active heat engine can be
described in the same terms but using a stochastic force with
time correlations (e.g. it is described as a colored noise) or
with an amplitude which does not satisfy the fluctuation–
dissipation relation. The thermodynamic description of the
fluctuating dynamics of both types of engines can be done
using the framework of stochastic thermodynamics,35,37,64 which
is revisited below.

First law of thermodynamics at the mesoscale. Ninety years
after Langevin’s seminal work, Sekimoto introduced a theore-
tical framework that enables the extension of the notions of
work and heat defined in macroscopic thermodynamics to
mesoscopic systems described by stochastic dynamics.65 For
systems described by a Langevin equation (eqn (1)), the heat
transferred from the environment to the particle in time t is
given by the sum of the forces exerted by the environment times
the displacement of the particle:†

QðtÞ ¼
ðxðtÞ
xð0Þ

�gdxðsÞ
ds
þ xðsÞ

� �
� dxðsÞ: (2)

Experimentally, the stochastic thermal force acting on the
particle x(t) is hardly measurable. It is more convenient to
relate the stochastic heat with measurable statistics of the
particle such as its trajectory and velocity. Using eqn (1) in
(2) yields

QðtÞ ¼ m

2
v2ðtÞ � v2ð0Þ
� �

þ
ðxðtÞ
xð0Þ

@UeffðxðsÞ; sÞ
@x

� �
� dxðsÞ; (3)

where Ueff(x;t) = U(x;t) � F(x;t)x is the effective potential felt by
the particle.

Analogously one can introduce a stochastic definition of the
work done to the particle by the external forces. The work is
here defined as the sum of conservative and non-conservative
forces on the particle times its displacement:

WðtÞ ¼
ðt
0

@UðxðsÞ; sÞ
@s

� dsþ
ðxðtÞ
xð0Þ

FðxðsÞÞ � dxðsÞ: (4)

Notably, the above equations show explicitly that both
work and heat depend on each realization and are not a state
function in general. The sum of the stochastic heat (3) and the
stochastic work (4) is equal to the change in the energy of
the particle at time t, W(t) + Q(t) = DE(t) = E(t) � E(0), with

EðtÞ ¼ 1

2
mv2ðtÞ þUðxðtÞ; tÞ, thus recovering the first law of

thermodynamics at the mesoscale.
Second law of thermodynamics at the mesoscale. The notion

of entropy defined by Clausius for equilibrium states in macro-
scopic systems can be extended to nonequilibrium processes
that occur in the mesoscopic world. For a particle described by
a Langevin equation, the change of system’s entropy in a time
interval t can be defined as66

DSsysðtÞ ¼ k ln
rðxð0Þ; vð0Þ; 0Þ
rðxðtÞ; vðtÞ; tÞ ; (5)

where r(x(t),v(t);t) is the phase-space density of the particle at
time t. For particles in contact with two thermal baths as in the
mesoscopic version of a heat engine, the environment entropy
change is equal to

SenvðtÞ ¼ �
QhðtÞ
Th
�QcðtÞ

Tc
; (6)

where Qh(t) and Qc(t) are the stochastic heat exchanged
between the particle and the hot and cold thermal bath,
respectively.

If additionally, local detailed balance holds, one can write a
stochastic expression for the total entropy change Stot(t) =
DSsys(t) + Senv(t) by the particle and the environment:12,67–72

StotðtÞ ¼ k ln
rðxðtÞ; vðtÞÞ

~rð~xðtÞ;�~vðtÞÞ: (7)

Here we have introduced the notation x(t) = {x(s)}s=0,. . .,t and
v(t) = {v(s)}s=0,. . .,t for trajectories of the position and the velocity
of the particle and x̃(t) = {x(t � s)}s=0,. . .,t and ṽ(t) = {v(t � s)}s=0,. . .,t

for trajectories in the time-reversed order. Eqn (7) reveals the
connection between entropy and irreversibility in the meso-
scopic world. Entropy production is quantified by how probable
are trajectories r(x(t),v(t)) with respect to their time reversals
~r(x̃(t),�ṽ(t)). The average over many realizations of the stochastic
total entropy change is positive, hStot(t)i Z 0, hence the second
law of thermodynamics remains valid at the ensemble level.

2.2 The fluctuation theorems

The stochastic definition of the total entropy change
accounts for the possibility of transient reductions of total

† The symbol 3 denotes that the integral is taken in Stratonovich sense, i.e. with a
mid-point rule in the discretization scheme

Ð
f ðxðtÞÞ � dxðtÞ ¼ lim

Dt!0

P
f ð�xðtÞÞ

ðxðtþ DtÞ � xðtÞÞ, with %x(t) = (x(t) + x(t + Dt))/2. This prescription is essential for
an appropriate definition of the first law of thermodynamics in the mesoscale.
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entropy. Fluctuation theorems are universal‡ equalities of the
form35,67,71,76–79

r Stot; tð Þ
~r �Stot; tð Þ ¼ eStot=k (8)

where r(Stot;t) is the probability density in the forward process
to produce an entropy Stot in time t and ~r(�Stot;t) the prob-
ability density in the time-reversed process to produce the same
but negative amount of entropy. In a nonequilibrium steady
state, the fluctuation relation reads simply r(Stot;t)/r(�Stot;t) =
exp(Stot/k) and it expresses a symmetry relation for the same
distribution r(Stot;t). An integral fluctuation theorem for entropy
production was introduced in ref. 66, 67, 80 and 81:

he�Stot(t)/ki = 1, (9)

where h�i denotes an average over many repetitions of the
forward protocol. More recent work has pushed forward fluctuation
theorems towards new directions,82 finding universal features on
the entropy distribution at large times83,84 and on the infimum85

and first-passage time statistics of entropy production.12,85,86

The fluctuation theorems are valid for arbitrarily far from
equilibrium processes, which is especially interesting for
experimental purposes. For instance, both detailed and integral
fluctuation theorems allow the estimation of equilibrium free
energy changes from nonequilibrium protocols80 and have been
widely applied to determine the free energies of biomolecules
such as DNA hairpins.87,88

2.3 Fluctuations of power and efficiency in small engines

The power and the efficiency are the two fundamental magnitudes
used to quantify the performance of an engine. The stochastic
definitions of thermodynamic quantities can be applied to study
the fluctuations of power and efficiency performed by mesoscopic
engines.

The power output of an mesoscopic engine is defined as the
work extracted per unit of time, P(t) =�W(t)/t, with t the duration
of the cycle. The power is defined positive since work is extracted
in a heat engine, W(t) o 0. For t larger than any relaxation time of
the particle the power average over many realizations is

hPðtÞi ¼ �Wquas

t
� Sss

t2
; (10)

where Wquas = hW(N)i is the average work extracted when
the engine is driven quasistatically and Sss 4 0 is the
Sekimoto–Sasa constant.89,90 The fluctuations of the power
can be accounted for in a power fluctuation theorem which
involves the statistics of the engine and of the time-reversed

cycle that acts as a refrigerator
rðPÞ

~rð�PÞ ¼ expðPt=kTÞ, where

r(P) is the probability density of the power extracted by the

engine and ~r(�P) is the probability density of observing a
negative power in the refrigerator.

Analogously, one can consider a stochastic definition of effi-
ciency given by the ratio of the stochastic work extracted in a cycle
and the stochastic heat transferred from the hot bath to the
particle in a cycle, Z(t) = �W(t)/Qh(t).39 The second law of thermo-
dynamics imposes a restriction on the standard efficiency given by
the ratio between the average work and the average heat influx in a
cycle, which is bound by �Z(t) = �hW(t)i/hQh(t)i r ZC, with

ZC ¼ 1� Tc

Th
(11)

equal to the Carnot efficiency.91 Carnot efficiency can be
achieved in the quasistatic regime or for t large, where the
power output is zero.

Another interesting regime is when the engine attains its
maximum power, which was first considered by Novikov in the
study of atomic power plants.92 Novikov, and later on Curzon
and Ahlborn93 found that for an endoreversible engine operat-
ing at finite time, the efficiency at maximum power is

ZNCA ¼ 1�
ffiffiffiffiffiffi
Tc

Th

r
: (12)

The Novikov–Curzon–Ahlborn efficiency is smaller than Carnot
efficiency, ZNCA r ZC.94,95 The trade-off between power and
efficiency in mesoscopic engines has motivated the study of
optimal protocols in the last few years.96–98 One example is the
Schmiedl–Seifert protocol that minimizes the work dissipation
in a finite-time nonequilibrium process.97

More recently, universal relations for the large deviation
function of the distribution of the stochastic efficiency have been
derived.99–105 In engines that operate following a time-symmetric
protocol Carnot efficiency is the least likely efficiency.99,102 A
generalization of the above result was found for time-asymmetric
cycles, where the least likely efficiency was found to be greater or
equal than Carnot efficiency.100 Strikingly, in a mesoscopic
engine driven under a time-asymmetric protocol, two reversible
efficiencies appear. The entropy production averaged over trajec-
tories that perform with the minimum of the efficiency distribu-
tion is equal to zero, as it is for the ensemble that reaches Carnot
efficiency.100 This means that there is a regime for the operation
of the engine that is reversible in addition to the Carnot regime.
Other hallmarks of the efficiency fluctuations at the mesoscale
are the power law tails of the efficiency distributions,104,106 the
bimodality of the distribution at moderate driving times101,103

and the possibility to observe super Carnot efficiencies at short
observation times.100,103

3 Implementing thermodynamic
processes with optically-trapped
particles: the building blocks for work
extraction

Thermodynamic processes connect different states of equilibrium
or non-equilibrium steady states of a system. These processes are

‡ The universal character of the fluctuation theorems means that they are valid
for general nonequilibrium processes even far from the linear response regime,
such as, for Markovian processes described by the Langevin or Master equation,66,73

for non-Markovian processes74 and even for systems with long-range interactions.75

This includes the cases of heat engines where the total entropy contains contribu-
tions from the interactions between the engines and the two thermal baths.
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the building blocks of thermodynamic cycles and their proper
concatenation make possible the extraction of work from
thermal reservoirs. In order to accurately implement thermo-
dynamic protocols with single particles in suspension, a tech-
nique giving precise control of their dynamics is needed. In
particular, the control over the effective confinement or the
accessible volume of the particle and of the temperature is key
to the design of thermodynamic processes and engines. The
many possibilities offered by optical tweezers for micro-
manipulation have been previously reviewed.107,108 Hence, our
discussion here focuses on the latest advances in the design of
thermodynamic processes at the microscale using the optical
trapping technique.

Optical trapping uses the radiation pressure and scattering
forces exerted by a strongly focused beam of light to hold in
place and move objects ranging in size from tens of nanometers
to tens of micrometers.110–113 Moreover, the dynamics described
by eqn (1) can be experimentally implemented with a single
colloidal particle in an optical trap. Near the optical focus, the
optical potential U(x,t) is parabolic U(x,t) = k(t)(x(t) � x0(t))2/2,
wherein two parameters can be controlled in time, namely the
equilibrium position x0(t) and the trap stiffness k(t). The trap
stiffness depends linearly on the laser power, thus making its
modulation easily implementable114 (see Fig. 2a). Remarkably,
the potential landscape is nearly Gaussian even far from the
focus115,116 and its shape is independent of the optical power.114

Great control of the position of the trap, stiffness and even

different shapes of the potential is achievable by well-established
techniques, including steering mirrors, electro-optic and acousto-
optic modulators or holographic tweezers.107,108,117–119

Interestingly, one can draw analogies between a colloidal particle
in an optical trap and an ideal gas inside a piston. In fact, it is
commonly assumed that the stiffness of the trap is analogous to the
inverse of an effective volume while the variance of the trajectory of
the particle can be seen as an effective pressure.109,120–122 This
analogy readily allows one to consider implementing thermo-
dynamic porcesses with an optically trapped particle. The connec-
tion of the system to different thermal baths is pivotal in the design
of heat engines. However, the accurate control of temperature
in small systems is challenging and strongly constrained by the
boundaries, typically leading to gradients and large relaxation
times. In particular, standard ways to control temperature like
resistances,123 Peltier units124 or recirculating water baths125

are not the best options to achieve the desired level of control.
Recent approaches include the use of lasers that either match
one absorption line of the medium1 or that of ITO films.126

Alternatively, one can consider creating an effective thermal
bath for the trapped particle by changing its kinetic tempera-
ture using external noisy forces120,127 as discussed below.

In what follows, we first review different thermodynamic
processes realized with optical potentials, distinguishing between
isothermal and non-isothermal processes. We further discuss
how these processes can be accurately implemented by tuning
the kinetic temperature of the particle by means of external
stochastic forces.

3.1 Isothermal protocols

We define as isothermal any thermodynamic process where the
temperature of the environment remains constant in time. A
well-studied isothermal process at the mesoscale is the transport
of colloids at constant velocity or a drift-diffusion process.120,128,129

Although being very useful to test the validity of the fluctuation
theorems,130 the drift-diffusion process has a purely dissipative
nature that makes it unsuitable to build heat engines.

An isothermal process that can be implemented to extract
work is the breathing parabola, which is illustrated in Fig. 2a.
In this process, the optical potential ‘‘breathes’’ as the stiffness
of the trap is increased (decreased), so the accessible volume
for the particle decreases (increases) with time. This process is
analogous to an isothermal compression (expansion) of a
single-molecule gas.131 Unlike for the drift-diffusion process,
here the free-energy of the particle changes with time as
DF(t) = (kT/2)log(k(t)/k(0)). Work distributions for expanding
and compressing breathing parabolas for microscopic trapped
particles are shown in Fig. 2b. Fluctuation theorems can be
used in such a protocol to estimate free energy changes, which
coincide with the minimal or reversible work extracted in the
process. The dependency of DF on the temperature of the
system clearly predicts that expansion and compression at
different temperatures give a different amount of useful work.
However, in order to be able to cyclically extract work from such
protocols, an (efficient) way of connecting expansion and com-
pression steps is still needed.

Fig. 2 Expansion and compression of the accesible volume of an optically-
trapped colloid. (a) The laser power is increased to produce a stronger confine-
ment of the colloid. (b) Work done on the colloid for different effective
temperatures T = (300, 610, 885, 1920, 2950) K (blue, red, green, magenta
and orange, respectively) during compression (empty symbols) and expan-
sion processes (full symbols). For each temperature, the work distributions of
the forward (compression) and the backward (expansion) protocols cross at a
value that equals to the free energy change in the compression (represented
by a vertical line in each case). This is in agreement with Crooks fluctuation
theorem [eqn (11) in ref. 67]. Figure adapted from ref. 109.
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3.2 Non-isothermal protocols

For an ideal gas, the simplest non-isothermal protocol that can
be imagined is the temperature change at constant volume or
under isochoric conditions. During such a protocol, no work is
done since no control parameter is changed with time. Note
that temperature is not a control parameter since it depends on
unknown degrees of freedom and temperature changes have to
be considered as heat. The definition of the mesoscopic heat in
the quasistatic limit can be used to find the mean value of the
heat transfer, i.e. hQi = hDEi = kDT, and for quasistatic processes,
equipartition allows the splitting of heat into the kinetic and
potential contributions as hQxi = hQvi = kDT/2.1,121 Hence chang-
ing the temperature of the bath by an isochoric process, as it is
done for example in the Stirling cycle, implies an inherently
irreversible heat transfer to the particle which affects the effi-
ciency of the engine.38,132 Reaching Carnot efficiency requires to
have control over the amplitude of the full Hamiltonian of the
system, including both potential and kinetic contributions.105

In order to extract useful work from a thermal cycle, it is
fundamental to connect the system with different reservoirs.§
The precise way of transitioning from one thermal bath to
another affects both the efficiency and power of the engine. In
particular, protocols that disregard the role of kinetic energy
may result in inefficiencies. Whether the overdamped dynamics
is sufficient to describe the energetics of engines or not is one
of the principal controversies regarding non-isothermal pro-
cesses. Even though the overdamped limit is a very good approxi-
mation to the dynamics of a Brownian particle, it is not sufficient
to describe the energetics of a Brownian heat engine where
temperature (and therefore kinetic energy) changes with time.
This is the basic point of the solvable model by Schmiedl and
Seifert.38 However, if the whole dynamics of the system is
initially studied without neglecting the kinetic term, and the
overdamped limit is later adopted, the kinetic energy will give a
contribution of the same order of magnitude as the potential
energy.

In the so-called pseudoadiabatic protocol defined by Schmiedl
and Seifert,38 a Brownian particle trapped in a harmonic potential
is subject to cyclic variations of the stiffness of the trap and of the
temperature of the environment. The protocol results in a net
work extraction. If the temperature is changed proportionally to
the stiffness of the harmonic trapping potential, T(t) p k(t),
the position histogram, and in particular its variance hx2(t)i =
kT(t)/k(t), will remain constant under quasistatic driving.
On the other hand, the velocity fluctuations will evolve during
this protocol according to the temperature hv2(t)i = kT(t)/m.
An irreversible flux of heat between the system and the
environment hQ(t)i = hQv(t)i = kDT(t)/2 will follow from these
protocols.

In order to maximize the efficiency of a heat engine, Carnot’s
advice must be followed and hence develop truly adiabatic proto-
cols when connecting the system with different thermal baths.

Hence, the energetics of both the positional and velocity
degrees of freedom have to be taken into account.105,134 Carnot
already realized that the heat transfer between the reservoir and
the system at different temperatures is irreversible. Therefore,
in order to avoid dissipation, the system should transition
between baths adiabatically, that is, the protocol must be such
that no heat flux occurs. Note that it is not possible however to
isolate a Brownian particle from its environment and therefore
avoid any heat transfer between the particle and the bath.

It is nevertheless possible to design a microadiabatic proto-
col where the total heat exchanged between the system and
its environment is zero when averaged over many realizations
of the same protocol. Such microadiabatic protocols were
pioneered experimentally by Martı́nez et al.132 by controlling
the full Hamiltonian of an optically-trapped Brownian particle.
In the microadiabatic protocol the total average heat vanishes
hQ(t)i = 0 and this condition is met following a nontrivial
protocol introduced by Bo and Celani135 where the stiffness
changes quadratically with the temperature k(t) p T(t)2. During
a microadiabatic protocol, one increases the temperature,
resulting in the increase of the fluctuations of the position of
the particle. To ensure microadiabaticity, one therefore has
to ‘‘squeeze’’ the velocity degree of freedom, by increasing
the stiffness such that the conservation of the phase space
volume of the particle is ensured. Note that during a micro-
adiabatic protocol work is done (extracted) when the tempera-
ture increases (decreases).

3.3 Stochastic external forces: noise as temperature

One of the foundations of stochastic thermodynamics is the
possibility to split energy transfers into two contributions, heat
and work, at the mesoscopic level, as described in Section 2.
In this context, heat is defined as any exchange of energy that
takes place between the system, in this case the trapped particle,
and the thermal bath it is in contact with.65 An equivalent
definition of heat is the energy change of the system due to
degrees of freedom whose dynamics is unknown. For example,
the molecules of the surrounding fluid exert effectively a sto-
chastic force on the particle that is modeled with the stochastic
force term x(t) in the Langevin eqn (1). Determining the move-
ment of every single molecule of the surrounding fluid is
unattainable and therefore the energy changes in the colloid
due to its collisions with the molecules of the environment are
considered as heat.65

Consider the case where an additional external noisy force
F is exerted on the colloid. Suppose that this force changes with
time F(t) but that it is also a random force, with similar
statistical properties as the thermal force x(t). Namely, the force
has zero average hF(t)i = 0 and it is delta correlated hF(t)F(t0)i =
snoise

2d(t � t0). An effective temperature Tnoise can be defined in
terms of the friction, the noise intensity and the Boltzmann
constant, snoise ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kTnoiseg
p

. This definition is such that if
only the external force is present, the fluctuation–dissipation
theorem holds at temperature Tnoise. Under the action of both
the thermal x(t) and the external noise F(t) one can define an
effective thermal bath including all the stochastic forces in the

§ Work can also be extracted from a single thermal bath by performing measure-
ments, but the discussion of information engines133 is out of the scope of this
review.
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system xeff(t) = x(t) + F(t), with hxeff(t)i = 0, seff
2 = 2kTg + 2kTnoiseg

and an effective temperature of the particle,

Teff = T + Tnoise (13)

Therefore, a noisy force can in principle increase the effective
temperature of the particle, which will be reflected in the
dynamics of the observables of the system, namely the position
and the velocity of the particle. From the point of view of the
Langevin equation, one cannot distinguish between the thermal
fluctuations and the non-thermal ones, or an increase of tem-
perature of the real bath and that of the additional one due to
noisy external forces.

The idea was first applied macroscopically in the diffusion
of millimetric charged balls in a circular channel.136 The first
experimental attempt in a mesoscale system was carried out by
Gómez-Solano and colaborators.137 They studied two systems,
an optically trapped colloidal particle and an AFM cantilever,
where noises of different characteristics were applied at different
intensities. Both systems reach a nonequilibrium steady state
where the fluctuation theorem seems to work at a temperature
higher than the environmental one. This situation appears
once the intensity of the non-thermal fluctuations becomes
predominant.

Martı́nez et al.120 and Mestres et al.109 tested the consistency
of mimicking a thermal bath by an externally applied noisy
force to an optically trapped microparticle in water. In their
experiment, a noisy voltage is applied to a pair of electrodes in a
single particle electrophoresis chamber138 that exerts a noisy
force on the charged microparticle. This noisy force increases
the effective temperature of the particle. Since the bandwidth of
the noise is limited by that of the signal generator and the
polarizability of the particle,121 it is not clear a priori whether this
approach should work. Two different non-equilibrium protocols
were considered, namely, a ‘‘dragged trap’’ where the position of
the optical trap varies with time, and a ‘‘breathing trap’’, where
the stiffness of the trap is periodically changed. A careful analysis
of these two processes with the tools of stochastic thermody-
namics validated the consistency of the externally tuned effective
temperature of the system, provided that the sampling rate of the
position of the particle was high enough, in particular, higher
than the cutoff frequency of the trap. These experiments
validated the technique to reliably control an effective thermal
bath of the particle, which has later been demonstrated to be
very useful in the study of stochastic thermodynamics, as we
will discuss below in Section 4.

The technique has been shown to be also reliable in more
complex scenarios, like a situation where a gradient of tempera-
ture is present. Berut et al.127,139 tackled this problem consider-
ing two colloidal particles held in two independent optical traps
at a certain distance. If the distance is only of a few particle
radius, the hydrodynamic interactions cannot be neglected and
both particles will be coupled by a viscous interaction. They
increased the kinetic temperature of one of the particles by
adding a white noise to the equilibrium position of the trap,
while the temperature of the other one was determined by its
interaction with the thermal bath. It was shown that the transfer

of energy as heat between the two particles is proportional to the
temperature difference between the two particles, since the cold
particle reacts like in the presence of a real heat flux.

The examples given above and other more sophisticated
situations that have been already envisioned prove the consis-
tency of the use of effective temperatures controlled by non-
equilibrium random forces.140,141 As we discuss in the next
section, this concept will be a powerful tool for the implemen-
tation of heat engines with colloidal particles.

4 Mesoscopic heat engines:
experimental construction

We now review experimental realizations of heat engines operat-
ing between different thermal baths that can fit within the realm
of soft matter. We try to put the emphasis on the peculiarities
found in the statistics of these engines, in particular regarding
their efficiency, which typically run against intuition.

4.1 Colloidal heat engines

The first experimental realization of a microscopic heat engine
using optical tweezers was done by Blickle and Bechinger.1

In their experiment, a microscopic melamine particle of diameter
B3 mm is immersed in an aqueous solution and confined in a
microfluidic chamber. The microparticle is trapped using optical
tweezers created by a highly focused infrared laser. Using an
acousto-optic modulator, an accurate time-dependent control of
the trap stiffness was achieved, which allows the accurate control
of the effective volume accessible for the microparticle. Using a
second coaxially-aligned laser tuned to an absorption peak of
water, the authors succeeded in controlling the temperature of
water in a range between B20 1C and B90 1C. Following a cyclic
series of laser intensity changes and temperature changes, an
effective Stirling engine was constructed from the concatenation
of isothermal and isochoric processes, as illustrated in Fig. 3.
Additionally, the authors measured the average stochastic work
extracted by the engine in each cycle, which was of the order of
�0.1kT, reaching a maximum power of around B0.02kT s�1.
Interestingly, their experiment shows excellent agreement of the
mean power with the Sekimoto–Sasa law (10) and experimental
evidence of the validity of the Novikov–Curzon–Ahlborn equation
on the mesoscopic scale.

Recently a microscopic Carnot engine has been realized by
Martı́nez, Roldán et al.2 The low efficiency developed by a Stirling
engine stems from the isochoric steps, where heat is transferred
between the system and the heat baths that are at different
temperatures, making the cycle inherently irreversible.39,142 As
found by Carnot and discussed above, the maximum efficiency
can be achieved when the two isothermal states are connected by
adiabatic processes, where no heat is exchanged between the
system and the environment.91 In the Brownian Carnot engine, a
polystyrene sphere of 1 mm diameter is immersed in water and
trapped using optical tweezers of tuneable stiffness. The ampli-
tude of the fluctuations of the particle is externally controlled by
means of a random electrostatic field that can modulate the
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effective temperature of the particle up to 3000 K, that is, one
order of magnitude above the vaporisation temperature of
water.109,120 Using a synchronous control of the trap stiffness
and the amplitude of the electrostatic random force, the authors
achieve microadiabatic protocols where the phase space volume
of the particle and therefore its entropy defined by eqn (5) are
conserved with time.132 When the protocol is done quasistati-
cally, the stochastic heat exchanged between the particle and the
environment is equal to zero when averaged over many realiza-
tions of the protocol (see Fig. 4a).

Following a series of isothermal and microadiabatic proto-
cols, the authors built a microscopic engine that achieves Carnot
efficiency for cycle times of the order of B0.1 s (see Fig. 4b),
which exceed by several orders of magnitude the characteristic
relaxation times of the particle (B0.1 ms). The Brownian Carnot
engine behaves as an endoreversible engine as confirmed by the
value of efficiency at maximum power, which coincides with
Novikov–Curzon–Ahlborn efficiency.93,94,143

When driven out of equilibrium, the stochastic efficiency of
the Brownian Carnot engine can even surpass Carnot efficiency,
as predicted in ref. 101, 103 and 104. This is shown in Fig. 5(a),
where one can see that efficiencies above ZC are observed for a
small number of realizations of the cycle. The authors also
tested for the first time the universal large deviation properties

of the stochastic efficiency99,102 showing that the least likely
efficiency is above Carnot efficiency, as predicted before for
time-asymmetric cycles.100 Fig. 5(b) shows the entropy produc-
tion averaged over the cycles that perform with a given mean
efficiency. Interestingly, two reversible operation regimes are
observed, one at the Carnot efficiency and a second at the least likely
efficiency, in agreement with recent theoretical predictions.99,100

Two other major theoretical predictions of the efficiency distri-
butions, namely the bimodality of the distributions near the
maximum power output101,103 and the power-law tails104,106 at
short observation times, were also tested in the Brownian Carnot
engine. This experiment confirms that despite the unattainabi-
lity of an actual isolation of microparticles, protocols that behave
effectively as adiabatic can be used to reach maximal bounds of
efficiency at small scales.

Another point of view in the construction of heat engines
was given by Quinto-Su.3 In his work, Quinto-Su was able to
build a steam engine using magnetic microparticles of different
sizes (1–3 mm) trapped using optical tweezers. In the micro-
scopic steam engine, the particle is driven by explosive vapor-
ization of the surrounding fluid and the cavitation bubbles

Fig. 3 Colloidal Stirling engine. (a) A Stirling engine is designed within a
parabolic potential which holds a microsphere while the temperature of
the fluid is controlled with the intensity of a coaxial laser. (b) Extracted work
(right) and power (left) of the stochastic heat engine as a function of the
duration of the cycle. When the engine is run fast, there is no work extraction
and therefore the power is negative. At slow driving, the extracted work is
maximum but the power decays to zero. Adapted with permission from ref. 1.

Fig. 4 Brownian Carnot engine. (a) Carnot’s diagram (temperature of the
engine as a function of the system entropy change). Filled symbols are
obtained from ensemble averages over cycles of duration t = 200 ms and
open symbols are obtained for t = 30 ms. The lines correspond to the
values of temperature and entropy for an equivalent endoreversible Carnot
engine. The black arrow indicates the direction of the operation of the
engine. (b) Power output (black diamonds, left axis) and average efficiency
(yellow hexagons, right axis) as a function of the inverse of the cycle time.
The black curve is a fit to eqn (10). The solid yellow line is a fit to an
analogous expression for the efficiency. The yellow dash-dot line is set at
the Novikov–Curzon–Ahlborn efficiency given by eqn (12), which agrees
with the experimental value of the efficiency at the maximum power
(vertical black dashed line). Adapted with permission from ref. 2.
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exert forces on the particle that are of the order of 10�9–10�7 N,
that is, three to five orders of magnitude larger than the usual
piconewton trapping forces. As a result, the power output of
this engine exceeds by several orders of magnitude the power
developed by the microscopic Stirling and Carnot engine, thus
overcoming the hurdle of kT of sub�kT work extraction per
cycle in the mesoscale. The heat dissipation in the explosive
vaporization results however in a lower efficiency of the engine
with respect to the Carnot machine (Fig. 6).

4.2 Bioenergy: a colloidal heat engine pumped by biological
activity

A colloid immersed in a pool of swimming bacteria is a para-
digmatic model of an actively-pumped mesoscopic system.144–146

The runner-tumbler dynamics of the bacteria147 impose non-
Gaussian fluctuations to a passive tracer, returning valuable
information about the properties of the bath. With this scheme,
research on anomalous diffusion,148–150 and generalizations of the
equipartition theorem151 have been developed. The framework of

stochastic thermodynamics discussed in Section 2 is in general not
applicable to actively pumped engines and alternative robust
frameworks on the thermodynamics of anomalous diffusion have
not been developed yet. Here, we discuss a new experiment that
investigates the performance of a heat engine in an active bath
composed of swimming bacteria. In our discussion, we deliber-
ately exclude active particles in either passive or active media, since
some recent reviews are already available,6,57 but rather focus on
passive particles in active media.

Krishnamurthy et al. have recently fabricated the first colloidal
heat engine working in an active medium.4 In a pioneering
experiment, an optically-trapped colloid is immersed in a broth
suspension with a high density of live bacteria. The motility of the
bacteria depends strongly on the temperature of the medium,
which can be controlled externally. Therefore, even small varia-
tions in the room temperature induce significant changes in
bacterial activity, leading to a strong increase of non-equilibrium
fluctuations of the microparticle due to collisions with bacteria.
Such fluctuations can be accounted for as an effective temperature
that exceeds the actual temperature of the bath. However, as
already discussed, the fluctuations induced by active media do
not have Gaussian statistics, and therefore cannot be consid-
ered simply as an additional thermal bath.52,55,109,120,141,152

Krishnamurthy et al. quantify the bacterial activity introducing
an active temperature Tact, that is, the temperature that an
equilibrium bath leading to the same variance of the position
would have. Note that this new parameter is different from the
effective temperature discussed earlier, and in fact there is not a
single choice for the effective temperature of an active bath.151,153

It is also important to point out the influence of the correlation
time on these kinds of active baths, since its value will affect the
engine when we run it at different velocities.

Fig. 5 Efficiency fluctuations of the Brownian Carnot engine. (a) Contour
map of the efficiency distribution at all times. Super Carnot efficiencies are
highlighted in red shaded areas. At short times (bottom) the efficiency
distribution has long tails and it can even surpass Carnot efficiency. At long
times (top), the efficiency distribution is peaked below the Carnot limit.
(b) Mean entropy production as a function of the mean efficiency for
different realizations of the Brownian Carnot engine run at its maximum
power where t = 40 ms. The stochastic values of entropy production and
the efficiency are calculated summing over 30 consecutive realizations of
the engine. The mean entropy production vanishes for trajectories with
mean efficiency equal to Carnot’s efficiency hZi = ZC and also for non-
reversible trajectories with mean efficiency equal to the least likely effi-
ciency Zmin, whose value is measured independently and shown with a
vertical pink line. Adapted with permission from ref. 2.

Fig. 6 Microscopic steam engine. (a) A microscopic particle (orange)
immersed in water (blue) is trapped using an optical tweezer (red). The particle
approaches the trap focus from below (1-2) and heats the surrounding water
when located near the trap focus (2-3), resulting in an explosive vaporization
which forms cavitation bubbles that exert work on the particle (3-4-1).3

(b and c) Work done by the microparticle of 1 mm (b) and 3 mm (c) diameter
as a function of time. Adapted with permission from ref. 3.
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With this tool at hand, Krishnamurthy et al. implemented a
Stirling engine by cyclically varying the stiffness of the trap, as
well as the thermal temperature, which further increases the
active temperature of the trapped particle. Fig. 7 is a schematic

description of the Stirling cycle in the active Brownian heat
engine, composed of two isochores connected by two isotherms.
Experimentally, the stiffness is controlled via tuning of the optical
power like in the previously discussed engines, while the tem-
perature of the liquid is modified using water as exchange liquid
in a channel adjacent to the trapping chamber.

The performance of this active engine strongly depends on
the activity of the bacteria, increasing in more than two orders
of magnitude the work extraction of the same engine operated
in a passive medium (the broth without bacteria), and reaching
per cycle values of the extracted work of even tens of kT, see
Fig. 8(a). The efficiency of the active engine can reach almost one
order of magnitude improvement with respect to the passive
one, as shown in Fig. 8(b).

The positional non-Gaussian fluctuations of the engine
sketched in Fig. 7 are originated by the memory of the bacterial
bath. Moreover, the experiment shows that the non-Gaussian
tails of the fluctuations of the position of the colloid account
for up to 50% of the efficiency of the active engine, in agree-
ment with studies of super-diffusive behaviour of colloids in
active media.149,154 Consequently, it is shown that active media
are able to boost work extraction and efficiency by the addi-
tional energy input that comes from the conversion of chemical
energy into heat executed by the bacteria.

5 Conclusions and outlook

Mesoscopic heat engines cannot be understood as a simple
miniaturization of their classical counterparts. The fluctuating
nature of the mesoscopic world results in genuine features that
only occur in small engines and have no correspondence in the
macroscopic world. The experiments presented here are colloidal
revivals of the engines that were milestones in the foundation of
classical thermodynamics (steam engines, Stirling engine, Carnot
engine, see Section 4). These experiments exhibited unique
features unattainable by macroscopic engines. For instance,
Carnot efficiency can be transiently surpassed under non-
equilibrium driving and a Brownian Carnot engine can operate
reversibly at super-Carnot efficiencies.2 Stochastic thermo-
dynamics, which inspired the experimental construction of
the first colloidal heat engines, allows describing consistently
the dynamics and energetics of these small-scale heat engines.
Moreover, stochastic thermodynamics provides the suitable
framework to design optimal protocols that minimize dissipa-
tion or operation times.38,97,98,155 The feasibility of such optimal
protocols has been recently demonstrated experimentally also
with optically-trapped microparticles.156

An unsolved enigma in mesoscopic physics is whether the
existing mesoscopic heat engines are only excellent toy models
to test theoretical advances or if it is possible to use the extracted
work for mesoscopic tasks, such as transferring energy to other
parts of the system or transporting particles. We now offer fresh
experimental perspectives to shed some light on this question,
see Fig. 9 for illustrations. These proposals are aimed to inspire
future developments in the field, since they are supported by

Fig. 7 Bacterial heat engine. Bacteria swim in a liquid media where a colloid
is optically trapped with an optical tweezer. A Stirling cycle analogous to
the one in Fig. 3 is here executed in an active bath. The dynamics of the
microsphere is governed by a combination of the Gaussian thermal fluctua-
tions with an active source of non-Gaussian fluctuations due to the inter-
action of the colloid with the swarm of bacteria. Adapted from ref. 4.

Fig. 8 Performance of the bacterial heat engine. (a) The cumulative work done
by active (closed symbols) and passive (open symbols) engine. The labels indicate
the active temperatures of the hot bacterial reservoir. The inset is a zoom on the
curve for the passive engine. (b) Fluctuations of the efficiency e as a function of
time when the engine is continuously executed for the active engine at Teff =
5455 K (filled squares) and the passive engine (open diamonds). The horizontal
dotted lines represent the mean efficiency in each case. Adapted from ref. 4.
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recent theoretical proposals and experimental results in similar
systems. Remarkably, a recent experiment with a single ion in a
Paul trap has shown that work can be used to drive harmonic
oscillation.43 Although different optical traps and Paul traps
have similar dynamics,157,158 Paul traps have also been imple-
mented with colloidal particles,159,160 which may open a future
path for new investigations in the field.

A simple strategy is to build an engine in a micro-cage
designed by lithography where one of the walls is free to move,
very much like the piston in a classical engine (see Fig. 9a). This
kind of geometry can also been built by optical potentials.
Then, one or several colloids are placed within the cage, thus
exerting work on the free wall. Similarly, one can envision a
more sophisticated device where a nano-spring, such as a single
DNA molecule, is anchored between two beads, one of which
performs a Carnot cycle. With this construction, the second
bead acts as a passive tracer that receives work cyclically.

Particularly intriguing are the theoretical predictions that
point to the possibility to transfer heat between two colloids
immersed in non-Gaussian baths at the same temperature.54

Fig. 9b is an experimental proposal where two microscopic parti-
cles are immersed in two thermal baths at different temperatures
TcoTh. The cold bath is filled with bacteria that act as a source of
non-Gaussian noise on one of the particles. If the two separate
particles are attached by a spring, a net flow of heat from the cold
active bath to the hot passive bath can occur, following ref. 54.

Other microscopic devices where work can be extracted
systematically are the nonisothermal ratchets, where a current
of Brownian particles is induced against external forces. A para-
digmatic example is the Buttiker–Landauer ratchet.161,162 Fig. 9c
shows an illustration of this ratchet, where a Brownian particle is
immersed in a thermal environment with periodic local tempera-
ture gradients. The broken spatial symmetry of the temperature
can induce a net flow of particles against an applied external force
thus performing work. Such a gedanken experiment could be in
principle realized confining microscopic particles in optical
periodic potentials in thermally asymmetric reservoirs.

Still also unexplored is the application of the temperature
control used in colloidal heat engines in the so-called informa-
tion engines.133,163 A classical example of an information engine
is the one-particle Maxwell demon or Szilard engine. A colloidal
Szilard engine was recently constructed using optical tweezers164

and with a single electron box.165 Until now, information engines
have been realized only under isothermal conditions.164–170 New
clever strategies for the design of autonomous minimal engines
have also been recently proposed171–173 but few experimental
autunomous engines have been reported.174,175 These kinds of
engines are expected to play a crucial role in the uprising era of
nanorobots.176 Nanomachines able to convert thermal fluctua-
tions into mechanical energy will be of paramount interest for
non-invasive therapies in nanomedicine in the near future.177,178
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