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Abstract

The complex geometry of biphenylene materials offers alternative routes for exploring novel stack-
ing configurations achieved by piling up carbon-thin sheets. Here we investigate sliding-induced
topological transitions in biphenylene bilayers, proposing various novel stacking configurations.
They are analyzed from a symmetry perspective and described in detail, highlighting the intric-
ate patterns of type-1I Dirac cone crossings. Topological changes in the Fermi surface are assessed
via the Euler characteristic, linking each transition to its corresponding symmetry, which can be
experimentally tested by conductance measurements. Moreover, the ability to tune these topo-
logical properties by sliding the layers provides a simpler and more effective way to observe such

phenomena.

1. Introduction

The biphenylene network (BPN) is a promising two-
dimensional (2D) material that was predicted long
ago [1] and has experienced a revitalization due to
its unique structural and electronic properties [2].
Recently, it has gained significant attention mainly
due to its experimental synthesis based on on-
surface interpolymer dehydrofluorination polymer-
ization protocols [3, 4]. As a derivative of biphenyl,
biphenylene consists of two hexagonal carbon rings
connected directly by two carbon-carbon double
bonds in a linear arrangement, resulting in a planar
sp2 structure that combines six-fold, eight-fold, and
four-fold carbon rings (see figure 1(a)). Being a
new carbon allotrope related to graphene but with
a mixed geometry [5], it possesses distinct elec-
tronic properties and symmetries. In particular, its
band structure shows a type-1I Dirac cone near the
Fermi energy, with carrier velocities of the same
sign and anisotropic transport properties [6]. These
features have been proposed to be of interest for
nanoelectronics [7, 8]. The electronic stability of

one-dimensional biphenylene systems was also stud-
ied before its synthesis using first-principles cal-
culations, including ribbons and tubes of differ-
ent widths and morphologies [2]. Biphenylene-based
materials stand out among 2D systems due to their
unique topology and electronic properties. Unlike
graphene, which is gapless and exhibits an isotropic
Dirac dispersion, biphenylene displays type-II Dirac
cones and can host highly anisotropic electronic and
transport properties, offering new opportunities for
band engineering. In comparison to transition metal
dichalcogenides (TMDs), which are semiconductors
with relatively rigid band structures, BPNs exhibit
tunable electronic responses via stacking, sliding, and
strain. Moreover, being composed entirely of carbon.
The combination of structural novelty, electronic
richness, and chemical simplicity positions biphen-
ylene as a compelling alternative to more conven-
tional 2D materials.

Because of the complex geometry of biphenylene,
novel stacking configurations may be achieved by pil-
ing up such carbon-thin sheets. In a recent work [9],
we proposed new symmetric bilayer stackings with
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Figure 1. (a) Biphenylene monolayer structure with bond
lengths d; = 1.41 A, d, = 1.454, and d; = 1.46 A. (b)
Type-II band structure of BPN monolayer with Dirac
points at E=0.26 eV; valence (green) and conduction
(blue) bands are shown. (c) Bilayer stacking configurations
labeled (d,dy).

different electronic properties. Similarly to graphite,
these bilayers are held together by van der Waals
(vdW) forces. In bilayer graphene, the two primary
stacking arrangements of interest are AA and AB
(Bernal), with different Dirac cone patterns, namely,
four linear crossings or touching parabolas, respect-
ively, at the Fermi level. By introducing a gate voltage
between the layers, in the AB case a band gap can be
achieved [10]. Trigonal warping effects also modify
the parabolic dispersion, with the appearance of sets
of Dirac-like linear bands [11]. For bilayer biphen-
ylene, in contrast to the monolayer, the lower-energy
type-1I Dirac cone in the conduction band is split. In
the AA case, this splitting gives rise to two cones, so
that one of them is actually very close to the Fermi
level. Each of these cones has two branches with velo-
cities of the same sign and dissimilar magnitude, in
contrast to the isotropic behavior of Dirac cones in
graphene [9].

Another way to tune the band structure proper-
ties of monolayer biphenylene is by means of strain:
in addition to modifying the position of the Dirac
cone, the Fermi surface characteristics can be altered,
as recently shown [12]. In fact, the Fermi surface is a
fundamental feature in understanding the electronic
topology of a system. At some critical points, the band
connectivity can change abruptly, as observed by
Lifshitz long ago [13]. To detect such electronic topo-
logical transition, known as a Lifshitz transition [14],
the Fermi level can be adjusted to the exact place in
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the band structure where the topological shift occurs.
However, in general, its experimental implementa-
tion involves large variations in electron density by
doping or by applying high pressure or magnetic
fields [15—19]. The rise of low-dimensional mater-
ials has allowed for sizable modifications of such
characteristics via strain. These changes can include
the splitting or merging of Fermi surface pockets
of monolayer and bilayer systems [16, 20, 21] and
have been experimentally observed in the electronic
bands of graphene [17, 22]. Topological transitions
could dramatically change the physical properties of
the materials, such as thermoelectric and transport
responses [23]. In fact, applied in-plane strain or dis-
placements between layers in graphene bilayer sys-
tems may also change the topology of the Dirac cones
[16,21, 24]. In addition, the topological properties of
the graphene-based bilayer can be adjusted by sliding
[21] and twisting [25-27] their layers, which has
opened an avenue for the so-called slidetronics, in the
context of ferroelectric materials, twistronics [28—30]
and spintronics in graphene-based systems, where the
exchange proximity interaction in bilayer graphene
can be explored for electrical spin manipulation [31].
Moreover, BPNs have been theoretically predicted to
exhibit anisotropic spin responses [32, 33]. While,
to the best of our knowledge, there are not any
experimental reports regarding such properties for
BPN, in type-II Dirac and Weyl semimetals there
are experimental works showing an anisotropic beha-
vior in transport measurements attributed to the
type-1I cones present in these materials [34, 35].
Recent advances in electron microscope tip techno-
logy now allow precise manipulation of thin mater-
ial layers, with high angular control, as demonstrated
in twisted bilayer systems [36], using orientational
displacement by assembled heterostructures placed
on nanoridge arrays [37], and adopting Kelvin probe
force microscopy techniques [38, 39]. Beyond rota-
tion, these techniques also enable controlled sliding
of isolated thin films, extending stacking-engineering
approaches to a variety of materials. The use of slid-
ing engineering techniques avoids the difficulties of
traditional methods in obtaining topological trans-
itions, such as chemical doping or strain engineer-
ing, which often introduce defects or require complex
sample fabrication [40, 41]. This points to the explor-
ation of similar mechanisms for biphenylene-based
systems.

Here, we propose novel bilayer configurations by
continuously sliding one BPN layer over the other.
We have found that such new stackings may have
different band structures with respect to the split
Dirac cones. Additionally, we have identified sev-
eral Lifshitz transitions induced by sliding, which are
allowed without externally breaking the crystal sym-
metries or doping the material. To investigate changes
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in the band structure and Fermi surface topology
related to these transitions, we have performed first-
principles density functional theory (DFT) calcula-
tions, as detailed in the next section. Since spin—orbit
effects are negligible (of the order of meV) compared
to typical hopping parameters (of the order of eV) in
biphenylene systems, the effect is not included in the
following computations, as previously discussed [9].
DFT calculations of monolayer biphenylene reveal
a type-1I Dirac cone with electron- and hole-like
pockets [42] for a surface cutting the Dirac nodes, as
shown in figure 1(b). Moreover, Dirac nodes do not
occur at high symmetry points, as also reported for
bidimensional TMDs such as WTe, and MoTe, [43].
A tight-binding description fitting quite well with our
DFT results is also discussed in appendix.

Because the studied bilayer BPNs of different
stacking profiles exhibit metallic properties, we must
choose a topological invariant capable of capturing
a topological transition, since it is not possible to
directly observe a usual insulating topological trans-
ition from the corresponding band structures. We
use the Euler characteristic as a topological invari-
ant to analyze the Fermi sea of different stacking
configurations. Changes in the Fermi surface can be
probed by different experimental techniques such
as angle-resolved photoemission spectroscopy [44—
46], magnetotransport [47, 48] and scanning tunnel-
ing spectroscopy [49]. However, a clear connection
between experimentally measurable physical quantit-
ies and the Euler characteristic remains lacking in the
literature. In this line, a theoretical physical quantity
was recently proposed by Tam et al [50] that should
be understood via experimental transport measure-
ments. Our findings show distinct behaviors depend-
ing on their symmetry, which we call high-symmetry
stacking (HSS) and low-symmetry stacking (LSS). In
the case of the LSS set, the invariant does not discrim-
inate between different sliding configurations, since
all yield a null invariant.

2. Computational details

DFT calculations were carried out using the Quantum
ESPRESSO software [51, 52] within the general-
ized gradient approximation and the Perdew—Burke—
Ernzerhof exchange correlation functional [53]. In a
first stage, a relaxation process was performed start-
ing with the stacking of (0.0,0.0). To achieve the
other stackings, rigid displacements were used for the
in-plane coordinates, simulating a clamp to obtain
the desired sliding step. The out-of-plane coordin-
ate was allowed to relax in order to minimize with
a variable cell configuration. The force tolerance
along the vertical direction was set to 0.01eVA~!.
After the relaxation stage, the electronic structure was
obtained for each stacking, using an energy cutoff
of 100 Ry, along with a tolerance of 10~? eV and
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a norm-conserving pseudo-potential [54]. In addi-
tion, a Monkhorst-Pack grid in momentum space
with 10 x 12 x 1 points was used, which yields well-
converged results in all cases. To ensure an accurate
description of the layered system all the calculations
have included a correction for long-range vdW forces
using the Grimme-DFT-D3 method with zero damp-
ing, as implemented in the Quantum ESPRESSO
package [55]. To verify dynamical stability we have
calculated phonon dispersion calculations for rep-
resentative stackings. The phonons computation was
performed for the HSS using the phonopy package
[56] and adopting a 5 x 5 x 1 supercell; the results
shown in the SM [57] certify that the proposed stack-
ings are mechanically stable.

To obtain the 2D Fermi surfaces, an additional
non self-consistent calculation was performed for
each stacking using the output results of the previ-
ous electronic structure calculations. The only change
in this step is the use of a denser M—K grid with
50 x 60 x 1 points. This finer calculation is then
used to interpolate the bands of each stacking using
Fourier interpolation approach, implemented in the
BoltzTrap2 package [58]. An interpolation with 3
additional points for each interval was used in the
previous (non self-consistent) grid. The interpolated
bands are finally post-processed to obtain the con-
tours at the Fermi level. The irreducible representa-
tions of the band structures are obtained by using the
IrRep code [59].

3. Results & discussions

3.1. System geometries and symmetries

The geometry of monolayer biphenylene is shown in
the left panel of figure 1(a). The periodicity of the
system is described by a rectangular unit cell in the
xy plane, centered on the hexagonal ring. Repetition
of this pattern creates octagonal rings and four-atom
rings. The relaxed unit cell vectors d; = 3.76 x and
d, = 4.52 y are also shown in the figure. The mean
interlayer distance (d_ ) obtained by the relaxed struc-
tures within vdW-DFT, averaged over all the stackings
isd| =3.492 A, where the minimum and maximum
values are, respectively, 3.393A and 3.548 A. The
complete table for all studied stackings is included
in the SM [57] The three inner-layer distances are
the same for all bilayers, d; = 1.414A, d, = 1.454,
and d; = 1.46 A, which also coincide with those of
the monolayer, indicated in figure 1(a). The corres-
ponding Brillouin zone (BZ) is depicted in the right
panel (figure 1(b)), showing the labels of the high-
symmetry points, along with a constant energy cut
which contains the type-II Dirac points.

When bilayers are formed, diverse stacking pos-
sibilities emerge. This freedom is ultimately restric-
ted by physical and chemical properties that estab-
lish the most favorable configurations to be realized
experimentally. In later sections we will comment on
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the stability and energetic landscape that the differ-
ent stackings comprise, but for the sake of symmetry
analysis, we focus here on the relative spatial orient-
ation of the atomic sites and their space group (SG)
classification.

The coupling of two biphenylene monolayers can
be performed following different geometric configur-
ations. First, we restrict the set of stackings in which
rotational symmetries play a role. Thus, we discard all
stackings with the trivial SG P1 (No. 1). We classify the
remaining stackings into two main sets, introducing
a useful notation.

Figure 1(c) presents some of the stackings stud-
ied in this work (more configurations are detailed in
the SM [57] figure S1). The stackings are depicted by
showing the hexagonal ring of the bottom layer (yel-
low atoms) and the six atoms on the top layer (blue
atoms) within the unit cell. To generically describe the
relative sliding, we fix the bottom biphenylene layer
and translate the upper one. We assume that the start-
ing position of the upper layer is the one where the in-
plane atomic coordinates coincide with the in-plane
atomic coordinates of the bottom layer, i.e. direct or
AA stacking. Rigid translations are described by a vec-
tor = (0x,d,) in the xy plane whose Cartesian com-
ponents quantify the amount of displacement in frac-
tions of the respective lattice vectors, so that J and ¢,
can take values from 0 to 1. It is important to note
that the sliding can be described in this form because
the same rectangular unit cell (with 12 atoms) can be
maintained throughout the process.

The three stackings shown in figure 1(c), denoted
AA [60], AX, and AB, were reported by us in a pre-
vious work [9]. In this work we explore the con-
tinuum of geometries obtained by smoothly sliding
one biphenylene layer on top of the other. As an
example of the novel systems studied here, the three
cases depicted in the upper part of the panel are ana-
lyzed here for the first time. All the bilayers are identi-
fied in figure 1(c) with their corresponding coordin-
ates (0x,0,). Using this vector notation, two sets of
stackings can be described. Starting the sliding pro-
cess at = (0,0), we find three possible routes with
non-trivial rotational symmetries. We can follow the
lines (1,0) and (0, 1), or the diagonal line (u, ), with
1 ranging from 0 to 1. For simplicity, we allow u to
take values only from 0 to 0.5, since the other quad-
rants of the (dx,d,) plane are obtained by symmetry
considerations.

First, we focus on four possible stacking configur-
ations with the maximal number of symmetries that
biphenylene bilayers can have, namely eight. This HSS
set comprises the (0.0, 0.0), (0.5,0.0), (0.0,0.5), and
(0.5,0.5) geometries. All rotational symmetries of the
HSS set can be connected to the point group mmm
(Dap), the same as in the HSS set that generates the
monolayer SG. The difference among the SGs of the
HSS set is that for the stackings (0.5, 0.0), (0.0, 0.5)
and (0.5,0.5), some of the rotational symmetries
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become nonsymmorphic. In particular, for (0.5,0.0)
and (0.0, 0.5) stackings, four of the eight symmetries
become nonsymmorphic with a fractional translation
vector equal to the corresponding sliding vector. In
the case of the (0.5,0.5) stacking, four symmetries
also become nonsymmorphic, but now the fractional
translation vector has both nonzero components. In
summary, with respect to the HSS set, the (0.0, 0.0)
stacking is characterized by the SG Pmmm (No. 47),
the (0.5,0.0), (0.0,0.5) stackings by SG Pmma (No.
51), and finally the (0.5,0.5) stacking by SG Pmmn
(No. 59). The LSS set is composed of configurations
(14,0), (0, 1) and (w, ) [with g € (0.0,0.5)], as well
as two additional lines with rotational symmetries
which arise by fixing one of the components of the
d vector to 0.5 and varying the other component,
i.e. (14,0.5), (0.5, ). For this set, the classification is
also straightforward. When we move along the (u,0),
(0,u) lines we break four symmetries; only spatial
inversion, a rotation, and a mirror plane, both with
respect to the axis in which the sliding occurs, are pre-
served. This yields SG P2/m (No. 10) for both slid-
ing lines. In the case of the (11,0.5), (0.5, 1) lines, the
number of rotational symmetries is the same as in
the previous cases, but with nonsymmorphic rotation
and mirror symmetries. This yields SG P2;/m (No.
11) for both lines. Finally, diagonal sliding breaks all
symmetries with the exception of spatial inversion,
resulting in SG P1 for the (p, ) line. The relation
between the symmetry and the geometry of the dif-
ferent sliding configurations with respect to the layer
displacements J, and ¢, is graphically summarized
in a chessboard-like diagram in figure 2. Each bilayer
configuration belongs to a SG that may change with
displacement. The symmetry of the bilayers is visu-
ally represented by the color of the squares compos-
ing the diagram. We show in the following that the
diversity of symmetries presented by the BPN bilay-
ers is closely related to their different band structures.
Moreover, the band crossing and anticrossings at the
type-1I Dirac cones along the Y-I" path present three
possibilities; four crossing bands, two crossing bands
and two types of anticrossing bands. They are rep-
resented by circles, stars and triangles, respectively,
inside the diagram boxes of figure 2.

3.2. First-principles structural and electronic
properties

We perform first-principles calculations for all HSS
and for a subset of LSS which correspond to values
of p =n/10 for n € {1,2,3,4}. For the bilayer struc-
tures studied in this work, the sliding process does
not produce substantial structural modifications such
as unit cell volume variations or interlayer distance
fluctuations.

Figure 3(a) gathers the band structures corres-
ponding to representative cases from the sliding dia-
gram in figure 2. Notice that the complete symmetry
information for each sliding configuration is included
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Figure 2. Sliding diagram for the bilayer stackings: classific-
ation of the different space groups and Dirac cone patterns
with respect to the displacements . and d,. Each square of
the grid is colored according to the space group of the spe-
cific bilayer; the color code is shown in the bottom panel.
Inside the square, a symbol indicates the type of band cross-
ing at the double Dirac cone closest to the Fermi energy:
circles (4 crossings), stars (2 crossings) and triangles (anti-
crossing), as indicated in the panel below the diagram.

in the first quadrant region of the diagram, which
includes the displacements 0 < 6, < 0.5. Thus,
the bands presented in figure 3 are colored accord-
ing to the SG code for this region of the diagram.
Concerning the electronic structure and its depend-
ence on sliding, we start by analyzing the HSS set.
The energy bands near the Fermi level for these four
stackings are presented in the four corner panels of
figure 3(a).

The bands for the direct stacking case AA
[(0.0,0.0); SG No. 47] are presented at the bottom
left corner of the figure (yellow curves). The bands
are completely split and cross at four points. The two
main features discussed are the Dirac nodes and the
characteristics associated with the nonsymmorphic
symmetries. Considering the latter, the most notable
feature due to the joint action of a nonsymmorphic
operation and time-reversal symmetry is the form-
ation of nodal lines (NLs) along the boundaries of
the BZ; the so-called stick-together bands [61]. The
type of NL is related to the type of stacking. Thus, we
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can see that the case (0.5,0.0) has a NL along the X—
S high-symmetry path, and the case (0.0,0.5) has a
nodal line along Y-S. Both cases correspond to the SG
No. 51, and their band structures are shown in green
at top-right and bottom-left panels of figure 3(a). As
expected, the (0.5,0.5) bilayer presents a NL along
the entire boundary of the BZ. Therefore, the HSS
set allows us to study the entire range of boundary
NLs. It is important to emphasize that NLs occur
along the boundary of the BZ, irrespective whether
they are partial NLs or NLs along the whole bound-
ary, with one pair of bands involved in the formation
of each NL. Otherwise, Dirac nodes are not related to
NLs, since they form in separate regions of the band
structure.

The presence of type-II Dirac cones can be
directly observed in the band structures. All HSS
examples host four cones along the I'-Y line in recip-
rocal space. The cones are produced by the crossing of
two pairs of bands with large magnitude of the velo-
city with another pair with much smaller velocities.
Each pair stems from the bilayer splitting. The loca-
tion of the crossings is modified by varying the stack-
ing: the (0.5,0.0) and (0.0,0.5) cases present a very
close pair of Dirac cones while the other two config-
urations have a higher separation between the cones.
In terms of reciprocal space symmetry, the superpos-
ition of the bands actually entails crossovers by ana-
lyzing the irreducible representations of the bands
along the I'-Y line. From a DFT-based group the-
ory analysis [59, 62, 63], the symmetry along this line
is described by the point group isomorphic to mm?2
(Cy,) with four elements. This is true for all the HSSs,
and implies that there are four irreducible represent-
ations describing the symmetry of the bands in this
region.

We study the symmetry of the bands along I'-
Y (the so-called A line) at different locations, and
present the results in figure 3(b), for the represent-
ative HSS (0.0,0.0) and LSS (0.2,0.0) geometries.
For the HSS case, the irreducible representations of
the bands that meet at each of the nodes are differ-
ent, and thus cannot mix, indicating that they can
only cross. This implies that these crossings are strict
Dirac points. Now we turn to the LSS. We focus on
the subset of lines (y,0) and (0,u) (red bands in
figure 3), since the lines (y,0.5) and (0.5, ) (blue
bands) behave similarly. Additional bands for these
two lines are also presented in figure S3-S4 of the
SM [57], where the first row is for specific values
on the (u,0) line and the second row represents the
cases for the (0,1) line. In general terms, moving
away from the HSS set, the momentum-space sym-
metries are reduced along the A line, decreasing the
number of available irreps to only two. Therefore,
there are fewer possibilities to form four simultaneous
Dirac nodes. Namely, four nodes are possible only if
the pairs of crossing bands transform under different
irreps. If each pair of bands with different velocities
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Figure 3. (a) Band structures for the biphenylene bilayers corresponding to the displacements (x, d,). Symbols and colors
refer to the diagram of figure 2. (b) Electronic bands along the Y-TI" line exhibiting the four crossings for HSS (0.0, 0.0) and LSS

(0.2,0.0), labeled with the corresponding irreps A;.

has a mixed irrep character, i.e. one irrep coincides
and the other is different, then there can be at most
two crossings along A. All scenarios (four, two, and
zero nodes) are schematically represented in the dia-
gram presented in figure 2 and examples of the band
structure are shown in figure 3. It can be observed
from the diagram that the cases with four crossings
occur along the (0, 11) line. One of these, the (0.0, 0.0)
stacking, is shown in the upper panel of figure 3(b).
All the irreps of the bands at the double Dirac cone
are different, so they actually cross. This irrep config-
uration is respected along the entire (0, 1) line, which
explains the robustness of the four Dirac crossings
along it.

A different scenario appears along the (1,0) line,
where, due to the order of the irreducible representa-
tions, the bands at first do not cross and from approx-
imately ;1 = 0.3 two crossings appear (see figure 3(a)
and figure S3 in SM [57]). The anticrossing behavior
can be understood by resorting to the lower panel of
figure 3(b), which corresponds to the (0.2, 0.0) stack-
ing. The pair of bands with higher velocity have irreps
A and A,, the same as the pair of bands with lower
velocity. Due to the ordering of the bands, they are
forced to anticross, so the Dirac cone is gapped. If the
irrep order of one pair of bands at the Dirac point
were swapped, crossing would be allowed.

These crossings remain robust until the HSS
(0.5,0.0) is reached. This exhausts all possible
arrangements of crossings in these bilayers. The beha-
vior on this line makes it clear that the appearance of
Dirac nodes is not enforced by symmetry, but only
allowed by the underlying group structure. In fact,
we have shown that the node formation is highly
dependent on the irrep ordering, which is ultimately
linked to the energetic properties of stackings. For the
case of the diagonal line (y, i), the symmetry analysis
shows that along the A line the symmetry is reduced

Table 1. Summary of Euler characteristics for the Fermi surface
topologies presented in figures 4(a)—(d).

Blue curves  Red curves
Stacking (e-like) (h-like) Total x
(0.0, 0.0) Openloop  Two loops -2
(x=0) (x=-1
each)
(0.5, 0.0) Two loops Two loops —1[or0
(x =-1 (x =-1 along (4, 0)]
each) each)
(0.0,0.5) Openloop  One —1[or0
(x=0) connected along (0, )]
loop
(x=-1
(0.5, 0.5) One One 0 [also 0
connected connected along (u, 11)]
loop loop
x=+D) (x=-1

to the trivial group, and thereby only one type of
irrep is possible. Examples of bands corresponding
to (u,p) stacking are presented in the central pan-
els (black lines) of figure 3 and detailed in figure S5
in the SM [57]. Therefore, no crossings are allowed
along this line, hindering the Dirac node formation.
The symmetry of the stacked crystal is responsible for
changing the dispersion of the bands for the whole
electronic levels. In the following we discuss about the
Fermi topology regarding only the Fermi level E = Eg
as required for this analysis.

3.3. Fermi sea topology

The metallic character of all stackings motivates the
study of the connection between different configura-
tions. We focus on the topology of the complete Fermi
sea and compute the Euler characteristic as a topolo-
gical invariant. We aim to present a robust response
that can have different values for the stackings. The
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Euler characteristic is an invariant that describes the
global topology of a space [64]. Considering in gen-
eral the Fermi sea as a disconnected space, which is
embedded in the BZ torus, there are several ways to
compute this invariant. We follow reference [65] and
use the definition valid for 2D systems,

X=> (2-2%-b), (1)
k

where k labels each different disconnected compon-
ent of the Fermi sea, g, represents the corresponding
genus, and by denotes the number of its boundaries
[65]. In general, the Fermi sea topology includes
information from all the bands crossing the Fermi
level; these regions can be open or closed loops in
the torus that constitutes the BZ. Closed loops give
rise to electron or hole pockets around certain regions
of the BZ. Only closed loops contribute to the Euler
characteristic magnitude; neither open loops nor fully
filled or unoccupied bands play a role in the Fermi sea
topology.

In the following, we mainly restrict the analysis
to the HSS set, although we briefly comment on the
results for the LSS set, which yields a null topolo-
gical invariant. A summary of the computed Euler
characteristic is shown in table 1. We start with the
(0.0,0.0) stacking as shown in figure 4(a). An open
Fermi loop appears with an electron character (blue
solid line) and two closed loops with a hole charac-
ter (red solid lines). Since the open loop does not
contribute to x and each hole-like closed loop con-
tributes with —1, the total result is y = —2. The zero
value of the open loop (labeled k= 1) is obtained by
verifying that g; =0 and the boundary contribution
by = 2. Next, each hole-like loop constitutes a separate
input for y, named as k=2 and k=3 components.
Their genus values are g =g3 =1 and b, =b; = 1.
Therefore, k=2 and k=3 contribute to y with —1
each, leading to a total value of y = —2.

Now we examine the (0.5, 0.0) stacking, as presen-
ted in figure 4(b). We note that the aforementioned
open loop transitions to a closed loop, and a second
closed electron-like loop appears and merges with the
initial loops. These two loops are then connected due
to the NL formation along the X-S§ line. In contrast,
the hole-like part is still composed of two disconnec-
ted loops. The combination of the information from
the two types of loops produces a Euler characteristic
of x = —1. This is because the electron-like connec-
ted loop contributes with +1, and the disconnected
hole-like loops contribute with —1 each.

It is worth mentioning that the transitions
described above, i.e. moving from open to closed
loop and the appearance of the new electron-like
loop, occur along the (y,0.0) line. Thus, there is a
change in topology in this region, which is charac-
terized by a change in x. Throughout this region,
the hole-like loops are not connected, and thus
they contribute separately. The same holds for the
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electron-like loops. Therefore, the total invariant
yields zero (x =0), which is preserved along the
entire line, since no additional topological transitions
occur. Representative Fermi surfaces graphs for this
line and other cases are detailed in the SM [57] in
figures S6-S8. Hence, on sliding from the (0.0, 0.0)
to the (0.5, 0.0) stacking along (1, 0), the sequence of
the x values is {—2,0,—1}.

The Fermi surface for the (0.0, 0.5) HSS example
is depicted in figure 4(c). On the one hand, the
electron-like contours merge in one component,
which is an open loop, so it does not contribute to
the invariant. On the other hand, the hole-like loops
exhibit one connected component due to the emer-
gence of a NL, giving x = —1. Therefore, the final
Euler characteristic of the complete Fermi surface is
X = —1. As in the previous line (x,0), the (0, ) line
also gives a null value for x. Here again, the contri-
butions of the electron-like and hole-like compon-
ents compensate. The results illustrating the behavior
along this line are presented in SM [57] at figures
S6 and S7. In this way, sliding from the (0.0, 0.0) to
the (0.0, 0.5) stacking, along (0, 11), produces the same
sequence of values for x, {—2,0,—1}.

Finally, for the (0.5,0.5) stacking shown in
figure 4(d), mergings occur in both electron and hole-
like loops. Thus, there is one connected component
in each case; their contributions are canceled, and the
Euler characteristic is zero. The topology and Euler
characteristic for (0.5, 1), (1,0.5) can be inferred by
analyzing figure S8 in the SM [57].

An important point regarding the application of
the invariant to distinguish different stacking phases
is related to the change of x with respect to slid-
ing. The Euler parameter enables us to differentiate
between the HSSs (0.0, 0.0), (0.5,0.5) and the pair
(0.0,0.5), (0.5,0.0), although it does not distinguish
between the last two stackings (both have y = —1).
Sliding towards (0.5,0.5) x cannot identify a topo-
logical transition related to the change from the LSS
lines to this particular HSS, since its value is always
zero. This indicates that the intrinsic connectivity of
the loops at the Fermi level (considering, for example,
nodal structures) is not fully represented in the Fermi
sea topology described by y;, although being an useful
complementary information.

We may call attention to the fact that apparent
crossings in the red contour plots are not exactly along
the I'-Y path, but rather in its neighborhood. We cor-
roborated this observation using first-principles cal-
culations. This is crucial since within that region, the
apparent crossings occur at general points of the BZ
and should be regarded as accidental crossings. In
such cases, the bands involved share the same irredu-
cible representations, which prevent them from actu-
ally crossing. NLs are robust as long as their pro-
tecting symmetries are maintained. Impurities can
affect this robustness in several ways. Nonmagnetic
impurities in low concentrations generally preserve
time-reversal symmetry and the nonsymmorphic
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Figure 4. Fermi surface (contour loops) and electronic surface for the HSS set. Blue and red solid lines represent electron-like
and hole-like surfaces, respectively. Each stacking is accompanied by the corresponding group symmetry and Dirac cone type as

colored circles.

character of the material. However, at higher con-
centrations, they can form extended states that inter-
fere with or even break the nonsymmorphic crys-
tal symmetry, thus perturbing the NLs. Magnetic
impurities, on the other hand, immediately break
time-reversal symmetry, which directly lifts a key-
protecting symmetry of NLs and destroys their degen-
eracy. Furthermore, a significant spin—orbit coup-
ling (SOC) within impurity states can also lift NL
degeneracies. Both the breaking of time-reversal sym-
metry and the strong SOC can be induced by placing
the material in proximity to other materials, which
can affect the NL robustness. The strain is another
important perturbation [6, 60]. For the bilayers con-
sidered in this work we have lattice anisotropy, and
therefore both uniaxial and biaxial strain will preserve
the nonsymmorphic symmetries of the NLs. While
strain in these cases does not change the fundamental
symmetry of the NLs, it can alter their energy loca-
tion by modifying their dispersion, and affecting the
electronic properties of the materials. Moreover, since
doping with magnetic impurities produces time-
reversal symmetry breaking, in the light of the exper-
imental quantum transport responses measured in
magnetic 2D materials [66, 67], we expect that mag-
netic doping of BPN may have a potential application
for spintronic devices.

In summary, the Euler characteristic can be
used to distinguish the topological transition of
HSS stackings with respect to the LSS. It is worth
mentioning that it has been correlated with trans-
port responses related to nonlocal conductance at a
planar Josephson junction [68], and with conduct-
ance assuming quantized values directly related to
the Euler characteristic [69]. This establishes a direct

correlation between an experimentally measurable
quantity and a subset of our presented HSS phases.

4. Conclusions

In this study, we investigate sliding-induced topo-
logical transitions in bilayer biphenylene by explor-
ing different stacking configurations. Through first-
principles calculations and symmetry analysis, we
demonstrate that the electronic properties of BPN
bilayers can be significantly altered by sliding one
layer over the other, leading to changes in the topo-
logy of the Fermi surface and the emergence of type-
II Dirac cones. We explore the electronic and topo-
logical properties of a continuum of novel bilayer
biphenylene geometries. Our findings reveal that the
symmetry of the stacking configurations plays a cru-
cial role in determining the electronic band structure
and the features of the Dirac cone crossings. HSSs
exhibit distinct patterns of Dirac cone crossings, while
LSSs show reduced symmetry and fewer crossings.
We employ the Euler characteristic as a topological
invariant to effectively capture the topological trans-
itions in the Fermi surface, distinguishing between
different stacking configurations. In particular, the
Euler characteristic changes as the layers slide, provid-
ing a robust indicator of topological transitions in
several cases. We also observe that the formation of
Dirac nodes is highly dependent on the irreducible
representations of the bands, which are linked to the
underlying symmetry and energetic properties of the
stackings. This dependence highlights the intricate
relationship between symmetry, band topology, and
electronic properties in BPN bilayers. The ability to
tune the topological properties of BPN bilayers via
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sliding offers a promising route for controlling the
electronic behavior in nanoscale devices. This tun-
ability, combined with the unique electronic prop-
erties of BPN, highlights it as a potential candid-
ate for applications in nanoelectronics and quantum
computing.
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Appendix. Tight-binding (TB)
formulation

A TB parameterization is presented and compared
with the DFT results. Our main goal is to examine
the electrical characteristics of the bilayer structures
for energies close to the Fermi level with low compu-
tational cost. Since the biphenylene structure is com-
posed of simple sp? carbon bonds [3], a single p,

L L Lage et al

orbital TB Hamiltonian is adopted, to describe the
different stackings, given by

H= Zefc}“cﬁ’ + Z tl”]cj“c]” + Z tﬁf“bcjac]b +h.c.
ia ij ij
a azb
(A1)

where ¢¢ is the onsite energy of the atom located at
the i site in the layer a, and cl-”T (c?) creates (anni-
hilates) an electron at site 7 and layer a. The second
term describes the intralayer couplings, f; being the
corresponding hopping energies within the layer a.
Clearly, for monolayers a = 1, the third summation is
omitted. For bilayers, a(b) = 1,2, and interlayer inter-
actions, ti]*”h, depend on the stacking configuration
between the top and bottom biphenylene layers. A
suitable hopping parameterization is given by an int-
ralayer hopping energy described by a decaying expo-
nential function [9],

f=ne (1) (A2)

with r; being the distance between i, lattice sites,
t; the hopping related to the first nearest-neighbor
distance d;, and f a fitting parameter that controls
the range of the interaction. As the ratio r;;/d, is
always larger than one beyond the first nearest neigh-
bors, small 3 values allow one to increase the num-
ber of neighbors with non-negligible hoppings in the
description.

For interlayer connection, we have also con-
sidered a decaying exponential function for the hop-
ping energies given by t#b = toe_a(ﬁ_]) with
d, = 3.56 A the smallest interlayer distance and ¢, the
hopping value in direct stacking, when two carbon
atoms are exactly one above the other. The parameter
« modulates the hopping strength between layers
with increasing distance. The adopted TB parameter-
ization is chosen by comparing the results with DFT
calculations: #; = —3.3¢eV, tp = —0.33¢eV, 5=2.2,
o= 1.47. The onsite energy values are grouped into
two sets: the four sites at the lateral corners of the
hexagon and the two at the top and bottom vertices,
given by ¢, = —1.8 eV and € = —2.2 eV, respectively.

DFT and TB results of different stacking config-
urations are shown in figures Al(a)—(d). Panels (a)
and (b) correspond to two HSS, while panels (c)
and (d) present two LSS cases. Each panel shows
the band structures calculated with DFT (dark dots)
and TB (continuous lines) along the high-symmetry
path, with different behaviors at the type-II Dirac
cones. The lower left figure of each panel presents an
energy TB contour plot calculated at the energy of
the first Dirac crossing (or anticrossing), next to the
I' point. The lower right figure of the panel shows a
2D rendering of the bands along with the constant
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energy plane (in shaded gray) corresponding to the
energy of the contour plot displayed in the bottom left
part.

Different crossing and anticrossing features are
observed. The contour plots corresponding to the
HSS shown in figures Al(a) and (b), which belong
to the (0.5,0.5) and (0.0, 0.5) stackings respectively,
have two crossings and one tiny anticrossing at each
type-1I Dirac cone. Figures Al(c) and (d), showing
the results for LSS (0.4,0.0) and (0.3,0.5), respect-
ively, reveal complete anticrossings between the con-
tour lines.
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