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Viscous electron flow exhibits exotic signatures such as superballistic conduction. In order to observe
hydrodynamics effects, a 2D device where the current flow is as inhomogeneous as possible is desirable. To
this end, we build three antidot graphene superlattices with different hole diameters. We measure their
electrical properties at various temperatures and under the effect of a perpendicular magnetic field. We find
an enhanced superballistic effect, suggesting the effectiveness of the geometry at bending the electron flow.
In addition, superballistic conduction, which is related to a transition from a noncollective to a collective
regime of transport, behaves nonmonotonically with the magnetic field. We also analyze the device
resistance as a function of the size of the antidot superlattice to find characteristic scaling laws describing
the different transport regimes. We prove that the antidot superlattice is a convenient geometry for realizing
hydrodynamic flow and provide valuable explanations for the technologically relevant effects of
superballistic conduction and scaling laws.
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I. INTRODUCTION

Collisions against impurities and phonons dominate
electron-electron collisions in ordinary metals in most
cases. In 1963, however, Gurzhi claimed that a decrease
in the electrical resistance with increasing temperature
might appear in ultraclean metals at moderate temperatures
[1]. Gurzhi attributed the phenomenon to the realization of
a particular transport regime, where highly correlated
electrons behave collectively in a similar way to mole-
cules in conventional viscous fluids [2]. Indeed, the
increase in temperature favors electron-electron colli-
sions, such that the boundary scattering is less efficient,
enhancing the electrical current [3–6]. This effect, also

known as superballistic conduction, constitutes one of the
archetypal hydrodynamic signatures [7–14]. Since the
collective motion of electrons leads to a resistance below
the ballistic limit, superballistic conduction is a conven-
ient property for low-power consumption devices [15]. A
reduction of the resistance by up to 16% has been reported
in nanoconstrictions [13,16,17] and up to 4% in crenelated
channels [18].
Another well-recognized hydrodynamic signature is the

experimental formation of Poiseuille flow [12]. In conven-
tional fluids, the Poiseuille law is one of the fundamental
principles: The resistance scales as R ∝ 1=d4s where ds is
the diameter of a single pipe carrying the fluid [19–22]. If,
instead, the space is filled up with several pipes of
diameter d, the Poiseuille law reads R ∝ 1=d2 [20].
This situation is the equivalent of an antidot superlattice
in a two-dimensional (2D) system.
In the past decade, the development of 2D materials has

multiplied the experimental realization of electron hydro-
dynamics. In this transport regime, electrons travel long
distances, larger than the size of typical devices, before
scattering against point defects or phonons. This is the case
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of ultrapure PdCoO2 [9,23], Weyl semimetals [24], (Al,Ga)
As heterostructures [18], or graphene [10–13], with
improved properties after hexagonal boron nitride
(h-BN) encapsulation [25]. However, direct visualization
of the hydrodynamic flow often requires a complex
microscopy setup [12,14,24,26], making it difficult to
define a ubiquitous criterion to establish the occurrence
of hydrodynamic transport [11,12,27,28]. Because of the
potential applications [15,29–32] in electronic design and
the need to easily explore new materials [8], it is desirable
to look for novel platforms for viscous electron flow.
In this work, we propose a graphene-based structure with

superballistic and hydrodynamic effects in the electron
transport. We demonstrate that electron trajectories become
naturally bent after geometrically engineering the device,
which boosts the hydrodynamic signatures. Namely, we
build different antidot graphene superlattices to study
superballistic conduction as an indicator of collective
electron flow. We also demonstrate a nonmonotonic elec-
trical response as a function of the magnetic field and study
scaling laws that resemble the traditional fluid Poiseuille
law. Our measurements are perfectly supported by detailed
theoretical simulations that offer a better insight into the
fundamentals of superballistic conduction.

II. GEOMETRICALLY ENGINEERED DEVICES
FOR HYDRODYNAMICS

In order to study viscous effects on electron flow, we
need to design a 2D device with a current flow that is as
inhomogeneous as possible [10]. Here, we design an
optimized antidot superlattice (see Appendix A) to bend
the electron flow and favor hydrodynamics in a fully
encapsulated graphene heterostructure. The latter was
fabricated by means of the standard mechanical exfoliation
on pristine crystals of h-BN and graphite (see Appendix B).
The heterostructure was finally shaped using e-beam
lithography into a typical 10–terminal Hall bar with a
longitudinal contact-to-contact distance L ¼ 4 μm, shown
in Fig. 1(a). A last step, electron-beam lithography and
cryoetching [33,34] process were performed in order to
define the antidot patterns with smooth edges that ensure
almost specular reflection [33,34] [see Figs. 1(b) and 1(c)].
Three separated regions are shown, consisting of three
antidot superlattices of different diameter, namely d ¼ 100,
200, and 300 nm. The antidots appear in a square lattice
with a center-to-center distance 2d. Figure 1(d) displays the
bent electron trajectories in this geometry.
Viscous electron flow results from a collective motion of

electrons that is expected to reduce the device resistance
[1,2]. In particular, superballistic conduction involves a
transition from a noncollective to a collective regime of
transport. Consequently, we rely on the semiclassical
Boltzmann transport equation [28,35] (see Appendix C).
The latter describes the distribution gðr; θÞ of electrons at
position r moving in the direction of θ as

�
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�
·∇

�
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þ ∂θg
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where kF ¼ ffiffiffiffiffiffiffiffi
πjnjp

is the Fermi wave number for a 2D
carrier density n and gee is given by Eq. (C3b). Electrons
move under the effect of an electric potential VðrÞ and a
perpendicular magnetic field B with a cyclotron radius
lB ¼ ℏkF=eB. The Boltzmann equation is solved numeri-
cally using a finite element method and its solution is used
to compute the drift velocity and the electrical resistance
(see Appendix D). Together with the collisions against the
edges, which we generally consider as specular reflections
against a smooth edge [36], Eq. (1) accounts for different
mechanisms of electron scattering. First, electron colli-
sions with defects or phonons alter the total momentum of
the electrons. We quantify them with the mean free path
such that l−1e ¼ l−1e;imp þ l−1e;ph. We estimate le;imp ¼ 700 nm
at low temperatures and n ¼ 0.3 × 1012 cm−2, consistent
with other nanostructured devices [37,38]. We also take
into account phonon scattering at higher temperatures
with mean free path le;ph [39,40] (see Appendix E).
Second, electron-electron collisions conserve the total
momentum, and the corresponding mean free path lee
can be computed for graphene [13,41]. In this work, we
consider the tomographic description [42–47] beyond

FIG. 1. Graphene antidot superlattice. (a) Optical image and
schematics of the device. (b) SEM micrograph of an h-BN flake
showing the same antidot geometry lithographed onto the final
device. Three regions can be found, where the antidot diameters
are d ¼ 100, 200, and 300 nm. The center-to-center antidot
distance is 2d and they are arranged into a square lattice.
(c) Enlarged SEM micrograph for d ¼ 100 nm antidots display-
ing smooth edges. (d) Simulation of the Boltzmann equation,
where colors account for the electric potential and streamlines are
average electron trajectories.
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Callaway’s ansatz [48], and we define two relaxation rates
for the even- and odd-parity modes in the angular
expansion of g, levenee ¼ lee and loddee ≫ lee. Electron-elec-
tron collisions together with the antidot geometry lead to
superballistic conduction, over the description of
Matthiessen’s rule.

III. RESULTS AND DISCUSSION

A. Enhanced superballistic effect

Experimental results shown in Figs. 2(a) and 2(b) clearly
exhibit a decrease in the electrical resistance below its
ballistic limit at low temperatures in the three regions with
antidots. Thus, our results demonstrate the superballistic
effect and support the effectiveness of the antidot super-
lattice at bending the electron flow. For a given temper-
ature, there are more electron-electron collisions for lower
carrier densities, favoring the collectivization of the elec-
tron flow and the superballistic effect. Therefore, consis-
tently with previous works [13], we focus hereafter on the
study of lower carrier densities n ¼ 0.3 × 1012 cm−2.
Figure 2(c) shows the predictions of the Boltzmann
equation for the same antidot geometries. In particular,
we discuss in Appendix F the influence of possible charge
inhomogeneity effects to explain the better agreement with
the experiment for hole conduction. Also, the latter shows
enhanced superballistic conduction in the region of d ¼
100 nm that may survive near room temperature. This
result, different from the one observed in the regions of
d ¼ 200 and 300 nm, had not been reported in

nanoconstrictions [13]. Nevertheless, it is accurately pre-
dicted by the Boltzmann equation. Indeed, both the bend-
ing of the electron flow and the smaller ratio d=le restrain
the detrimental impact of phonon scattering. Similar to the
formation of current whirlpools recently observed in
graphene [26], our work is consistent with collective
electron transport at room temperature as well. This brings
in a paradigm where the technological advantages of
reduced electrical resistance can be further exploited.
For completeness, Fig. 2(d) monitors the superballistic

effect by means of dR=dT in the region of d ¼ 200 nm
when the density of carriers n and T are varied. The region
close to the charge neutrality point, limited by dashed lines
in Fig. 2(d), also exhibits negative dR=dT due to thermal
excitations that lead to a Dirac plasma regime [49]. The
latter shall not be confused with superballistic conduction.
The reduction of resistance for d ¼ 100 nm with n ¼ 0.2 ×
1012 cm−2 is estimated to be larger than 20%, resulting in a
remarkable improvement to those values previously
reported in other systems [18]. Once again, the latter
mostly results as a consequence of the larger bending of
the electron trajectories by the antidot superlattice.
Contrary to what was expected, the condition lee ≪ d ≪
le is not essential for the Gurzhi effect to occur [1,2]. Note
that lee is indeed very large in the low-temperature limit.
For example, in our experiment, we demonstrate super-
ballistic conduction even at T ¼ 50 K when lee ≈ 1100 nm
while le ≈ 600 nm. However, in the ballistic regime,
electron-electron collisions still lead to a positive contri-
bution to the current due to electrons scattered away from

FIG. 2. Enhanced superballistic conduction. Experimental resistance in the three regions of the antidot lattice with d ¼ 100, 200, and
300 nm as a function of temperature for (a) electrons at n ¼ 0.3 × 1012 cm−2 and (b) holes at the same density. (c) Theoretical resistance
calculated by Boltzmann equation simulations. (d) Experimental magnitude of dR=dT with increasing temperature and various densities
of carriers for the d ¼ 200 nm region.
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the edges. This collective regime can be considered as a
precursor of hydrodynamic flow [3–6]. Furthermore, such a
result is supported by our simulations that include the
particular geometrical details beyond the approximated
anti-Matthiessen rule [13,17]. This experimental evidence
violates the standard expected criteria for collective elec-
tron flow, lee ≪ d and lee ≪ le [7,8], so another reasoning
must be developed. We conclude that not only the values of
le and lee determine the collectivization of the electron flow
but mostly their decrease rate with temperature since
dR=dT ¼ ð∂R=∂leÞð∂le=∂TÞ þ ð∂R=∂leeÞð∂lee=∂TÞ. Thus,
the existence and the magnitude of the superballistic effect
mainly depend on such rates.
In our theoretical study, we also paid attention to the

relevance of the boundary conditions to reproduce the
experimental results with our model [36] (see Appendix H).
Similarly to previous works [18], we can conclude that the
demonstrated superballistic effect is almost universal since
it relies on the geometry of the device and not on the
particular considered edge scattering mechanism. We also
check the superballistic conduction in another device where
the experimental measurements agree with these results
(see Appendix I). Most importantly, in the additional
device, we demonstrate that there is no decrease in the
resistance in an area where no antidots were fabricated.

This further confirms that geometrical engineering is
responsible for the observed superballistic conduction.

B. Magnetotransport: Intermittent superballistic effect

Here we explore the superballistic effect in more
detail by considering the electrical response of the antidot
lattice in the presence of a perpendicular magnetic field
[50–52]. First, let us analyze the low-temperature resistance
as a function of the applied magnetic field, as shown in
Fig. 3(a). Evidence of two quantum effects is shown
in our measurements: (i) the weak localization peak at
B≲ 20 mT, due to quantum interference [53] and
enhanced by intervalley scattering against the superlattice
[54], and (ii) the quantum Hall effect, whose peaks flatten
for smaller values of d, suggesting a prominent role of the
antidot geometry. More relevant for the matter of interest
are the peaks at the particular field BC ≈ 1.05ℏ

ffiffiffiffiffiffi
πn

p
=ed

related to the commensurability effect, occurring when the
cyclotron radius is commensurate to the antidot lattice size
[12,37,38,55–58]. Consequently, these peaks are shifted to
higher magnetic fields for decreasing d, as indicated by the
dotted line in Fig. 3(a). For d ¼ 200 and 300 nm, a region
with negative magnetoresistance following this peak is also
visible. Negative magnetoresistance was also studied in

FIG. 3. Intermittent superballistic conduction. (a) Longitudinal resistance for the three regions at n ¼ 0.3 × 1012 cm−2 and T ¼ 1.5 K
shows weak localization, commensurability effect, and oscillations associated with the quantum Hall effect. (b) Superballistic effect for
several magnetic fields. (c) Experimental measurements and (d) Boltzmann equation simulations of the resistance as a function of the
magnetic field, normalized to the commensurability fields BC of the peak. (e) Comparison of results shown in (c) and (d), where symbols
are experimental observations and lines are simulated values. (f) Qualitative explanation of the intermittent effect, whereW is the typical
width of a uniform device.
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GaAs with macroscopic defects [59,60] with analogous
results to those of a Poiseuille flow [52]. In the presence of
a magnetic field electrons move in circular orbits. Hence,
some electrons can propagate without reaching the edges of
the device if the cyclotron radius is short enough [58]. This
ensures the transition to collective flow. However, in the
ballistic regime electrons have straight trajectories and
boundary collisions are more frequent.
Regarding the superballistic conduction, Fig. 3(b) shows

that the effect arises for some magnetic fields and dis-
appears for others, in an intermittent pattern. Figures 3(c)
and 3(d) show the agreement between the experimental
measurements and simulations of the Boltzmann equation
and reveal the interplay between the commensurability field
and the intermittent pattern as a function of B=BC. For
comparison, Fig. 3(e) presents a combination of data shown
in Figs. 3(c) and 3(d). Here the strongest resistance
reduction reveals not only at zero magnetic field but also
at the commensurability condition. Note that the conven-
tional formalism based on the anti-Matthiessen rule [13,17]
cannot reproduce this intermittent effect, not even qualita-
tively, so the Boltzmann equation must be used instead.
For completeness, the relevant role of the tomographic
description in describing electron transport is explored in
Appendix J.
In both physical scenarios, the increase in temperature

leads to a transition from a noncollective to a more
collective electron flow, which favors the superballistic
effect [note the blue solid lines in Fig. 3(f)]. In Fig. 3(f) we
represent ε as a measurement of the collective nature of the
transport in a uniform channel. The latter is estimated as the
deviation of the Boltzmann equation simulations [28] with
respect to a fully collective hydrodynamic model (ε ≈ 0)
[7,10]. Although ballistic effects are dominant at low
temperatures [50], a magnetic field different from BC
enhances electron-electron collisions, such that the trans-
port has relevant collective features even at low temper-
atures. For such fields, the temperature is not the main
agent to boost the transition from a noncollective flow to a
more collective one and the superballistic effect does not
arise [see dashed gray lines in Fig. 3(f)]. In conclusion, the
intermittent superballistic effect we observe as a function of
the applied magnetic field is consistent with previous
predictions of collective electron transport [28,58].

C. Quasi-Poiseuille law

We find a strong dependence of the electrical properties
with the antidot size d. Let us quantify it by assuming R ∝
1=dα where α ¼ −∂ logR=∂ logd. For instance, α ¼ 0 for
diffusive transport, α ¼ 1 for the case of the Landauer’s
formula [13,61], and

α ≃
2

1þ vFd2=βνle
; ð2Þ

when a hydrodynamic description applies, with ν the
viscosity and β ≈ 4.4 for the antidot geometry (see
Appendix K). Because of the unavoidable inelastic colli-
sions, reducing the viscosity to enter the hydrodynamic
regime does not increase α, but rather diminishes it.
Poiseuille’s law for conventional fluids reads α ¼ 2 [20],
but impurities and phonons affect electron transport and
allow for 0 < α < 2. Therefore, 1 < α < 2 is assumed as a
landmark for electrons [22], with the largest α arising near
the ballistic regime. Indeed, this explains the observations
in Fig. 4(a), where we plot the ratio R1=R2 ∼ 2α, with R1

(R2) the resistance in the d ¼ 100 (200 nm) region. The
maximum ratio occurs at low temperatures and intermedi-
ate densities of carriers, where le;imp is larger in graphene
[10]. We also study the scaling laws in Fig. 4(b) and
compare them with simulations of the Boltzmann equation.
The ballistic regime at low temperatures and shorter d gives
the largest values of α. For increasing temperatures or under
the effect of a magnetic field, a transition to a more
hydrodynamic regime is favored so that α is reduced.
Eventually, a diffusive regime with α → 0 is attained. In
summary, the adapted quasi-Poiseuille law gives relevant
information about the regime of transport.

IV. CONCLUSIONS

We found that the antidot graphene superlattices are a
convenient geometry for the realization of electron

FIG. 4. Scaling laws. (a) The experimental ratio between the
resistance in the d ¼ 100 and 200 nm regions. (b) Log-log plot
for the resistance R versus the antidot size d at
n ¼ 0.3 × 1012 cm−2. Symbols are experimental results and lines
are simulations; see the guidelines for the slopes α ¼ 1 and 2.
Curves have been shifted for proper visualization.
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hydrodynamics. Indeed, nanostructuring a graphene flake
with antidots turns a material into a metamaterial showing
hydrodynamic response. Certainly, the achievement is
supported by the observation of the superballistic conduc-
tion with a reduction of the resistance (larger than 20%).
The antidot geometry bends the electron trajectories so
much that the role of edge scattering is overshadowed,
leading to an almost universal electron flow [18].
The observed effects contribute to a better understanding

of the so-called hydrodynamic signatures. The solution of
the Boltzmann transport equation accounts for the ballistic-
hydrodynamic transition, and enables us to study the
tomographic dynamics of electrons [43]. Thereafter, we
improve the conventional hydrodynamic description and, in
particular, conclude that the anti-Matthiessen rule cannot
account for our experimental results [17]. Particularly, our
formalism based on the Boltzmann equation is crucial to
reproduce the intermittent superballistic effect experimen-
tally found as a function of the applied magnetic field. Our
description also sheds light on the classification of the
hydrodynamic and ballistic transport regimes [58], by
showing that collective regions are achieved in the presence
of a magnetic field, in agreement with previous works [28].
Scaling laws also provide insight into transport regimes.
Both the advantages of the antidot superlattices and the

feasibility of their fabrication with nanolithography open an
avenue to further optimize the geometries, look for novel
signatures of viscous electron flow [62], and explore
materials to reduce the resistance in electron devices of
technological interest.

ACKNOWLEDGMENTS

We wish to acknowledge R. Brito, R. Soto, and
A. Hamilton for discussions. This work was supported
by the (MAD2D-CM)-UCM project funded by Comunidad
de Madrid, by the Recovery, Transformation and Resilience
Plan, and by NextGenerationEU from the European Union,
Agencia Estatal de Investigación of Spain (Grant
No. PID2022-136285NB-C31/C32) and FEDER/Junta de
Castilla y León Research (Grant No. SA106P23). J. E.-A.
acknowledges support from the Spanish Ministerio de
Ciencia, Innovación y Universidades (Grant No. FPU22/
01039). J. S.-S. acknowledges financial support from the
Consejería de Educación, Junta de Castilla y León, and
ERDF/FEDER. A. P.-R. acknowledges the financial sup-
port received from the Marie Skłodowska Curie-COFUND
program under the Horizon 2020 research and innovation
initiative of the European Comission, within the framework
of the USAL4Excellence program (Grant No. 101034371).

APPENDIX A: GEOMETRY OPTIMIZATION

The geometry of a device determines its hydrodynamic
properties. Indeed, bending the electron flow enhances the
hydrodynamic signatures. Figure 5 shows four antidot

superlattices with different configurations and hole shapes,
where the device current flows from left to right. Numerical
simulations were performed with a hydrodynamic model
based on the Navier-Stokes equation [28] for the character-
istic lengths le ¼ 6d and lee ¼ d, and a perfect slip
boundary condition, with a slip length ξ → ∞, which
corresponds to specular reflections of the electrons. In
order to quantify the bending of the electron flow in every
superlattice, we considered the scaling laws analyzed in
Sec. III, and evaluated the ratio R1=R2, where R1 (R2) is the
resistance of a device with antidot size d (2d) (see
Appendix K for a detailed description). Note that
R1=R2 > 2 is a hydrodynamic signature, so we look for
the largest R1=R2 as a quantitative criterion to support a
maximized bending of the electron flow. Square antidots
have sharp corners, so the electronic fluid follows almost
straight trajectories without bending too much, as shown
in Fig. 5(a). As a consequence R1=R2 is small. Moreover,
given the difficulties in building and simulating samples
with sharp corners, we avoid using square lattices.
Superlattices with circular antidots show a higher
R1=R2, especially when they are aligned at 45° with
respect to the current flow [see Fig. 5(d)]. In fact,
misalignment with the latter avoids straight trajectories,
which are less prone to bending around.

APPENDIX B: SAMPLE PREPARATION

The final heterostructure, consisting of a fully encapsu-
lated single-layer graphene with a graphite bottom gate,

FIG. 5. Color maps of the electrical potential inside the sample
with the streamlines for the electron fluid to visualize the bending
of electron flow in antidot superlattices. Square antidots of side d
with a separation of d yields (a) R1=R2 ¼ 2.46 in an aligned
lattice and (b) R1=R2 ¼ 2.52 in a 45° rotated lattice with respect
to the current flow. Circular antidots of diameter d separated by d
yields (c) R1=R2 ¼ 2.58 in an aligned lattice and
(d) R1=R2 ¼ 2.63 in a 45° rotated lattice with respect to the
current flow.
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was fabricated by means of the standard mechanical
exfoliation on pristine crystals of hexagonal boron nitride
(h-BN) and graphite, subsequently deposited onto a
p-doped silicon wafer with a 300-nm top layer of silicon
oxide. Top h-BN and bottom h-BN flakes had thicknesses
of 8 nm and 60 nm, respectively, and the graphite backgate
consisted of a 15-nm-thick layer. The graphite bottom gate
enhances charge mobility and screens undesired spurious
effects arising from charged defects present in the under-
lying doped silicon substrate [63]. The thicknesses of these
three layers of the stack were accurately measured with a
Bruker Nano DektakXT profilometer. For the characteri-
zation of the graphene monolayer, micro-Raman spectros-
copy for the single-layer material was performed. For the
stacking process of the heterostructure, a polycarbonate
film was fabricated and deposited on polydimethylsilox-
ane. The top h-BN was picked up at 50°–60° and deposited
on the graphene monolayer at 190°. Employing the same
technique, the h-BN bottom flake was deposited onto the
graphite backgate. Subsequently, the latter stack was
annealed in vacuum at 350° to eliminate potential residues.
The h-BN top and graphene were finally picked up and
deposited on the h-BN bottom and graphite. A thorough
micro-Raman map of the final heterostructure was per-
formed to select the cleanest and defect-free region where
the electron-beam lithography was performed.
Once the final heterostructure was fabricated [see

Fig. 6(a)] a premask process was carried out by EBL
SEM to remove excess flakes around it, thus avoiding
possible electric shorts between pads and facilitating
further processing. A spin coating process was performed
using homemade PMMA resist 5% (by weight) in chloro-
benzene. The premask was attacked with a cryoetching
system [see Fig. 6(b)]. Then, the stack was finally shaped
by means of e-beam lithography into the final 10–terminal

Hall bar [see Fig. 6(c)]. A last step of electron-beam
lithography and cryoetching process was carried out to
define the antidot patterns within the Hall bar [see Fig. 6(d)]
to favor smooth edges that ensure almost specular reflec-
tion [33,34]. Lastly, 10=55 nm Cr=Au contacts were
deposited by e-beam evaporation [see Fig. 6(e)] and the
device was bonded on an LCC20 chip carrier for electrical
characterization, finalizing the sample fabrication.
For the crucial lithographic step to define the periodic

antidot lattice in the structure, a previous dose array process
was carried out into a sacrificial h-BN flake replicating the
final design as shown in Fig. 7(a). There, doses ranging
from 400 to 575 μC=cm2 were used showing that
550 μC=cm2 generates the optimal resolution for all three
different antidot areas as shown in Figs. 7(b)–7(d).

APPENDIX C: THEORETICAL MODEL

Let us describe electrons as semiclassical particles
[17,35,61], moving in a 2D device with a well-defined
position r ¼ ðx; yÞ and wave vector k ¼ kûkðθÞ, where
ûkðθÞ≡ ðcos θ; sin θÞ. Let v denote the velocity of the
electrons. The semiclassical description ignores quantum
effects but accounts for the role of the geometry in the
hydrodynamic effects. Moreover, since the considered sizes
d are much larger than the Fermi wavelength in these
devices, the impact of quantum effects is expected to be
reduced [57]. Then, the Boltzmann transport equation reads

∂tf̂ þ v ·∇rf̂ −
e
ℏ
ð−∇V̂ þ v × BÞ ·∇kf̂ ¼ Γ

h
f̂
i
; ðC1Þ

where B is a perpendicular magnetic field and Γ½f� is a
collision operator:

FIG. 6. Different steps in the device fabrication process and the
final heterostructure (a) the premask after etching in (b) with the
Hall bar finally defined in the heterostructure in (c). Panel
(d) already displays the three different antidot regions with
diameters of d ¼ 300, 200, and 100 nm from the bottom region
to the uppermost part of the panel. Finally, in (e) the final device
after the evaporation of the Ohmic side contacts is shown.

FIG. 7. Scanning electron micrograph for the dose array
optimization process. (a) Antidot patterns obtained from doses
ranging from 400 μC=cm2 (leftmost structure) to 575 μC=cm2.
(b)–(d) From left to right: Antidot final structure onto an 8-nm h-
BN flake displaying a great resolution and smooth edges for a dose
of 550 μC=cm2 within d ¼ 300, 200, and 100 nm regions.
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Γ½f� ¼ f − fe
le

þ feven − fevenee

levenee
þ fodd − foddee

loddee
: ðC2Þ

This includes scattering against impurities and phonons
that drive the system toward the equilibrium distribution fe
with a path against impurities and phonons le and electron-
electron scattering toward an equilibrium distribution fee
that moves with the fluid’s drift velocity. We split this last
term with two relaxation times for the even and odd parts of
the collision operator [43]. Thus, if f is expanded in angular
harmonics f ¼ P

n fne
nθ, feven is the sum of the terms with

n even and fodd includes the terms with n odd. They have
different mean free paths, namely levenee and loddee . Now, let us
consider an isotropic conduction band with kF the Fermi
wave number, vF the Fermi velocity, and m ¼ ℏkF=vF the
cyclotron mass. We also assume a constant carrier density n
such that kF ¼ ffiffiffiffiffiffi

πn
p

, considering valley and spin degen-
eracy. Importantly, we assume that the relevant phenomena
happen near the Fermi line, so transport can be described
just in terms of the θ direction. Thus, we define

gðr; θÞ ¼ ℏ
m

Z
∞

0

h
fðr; kÞ − feðkÞ

i
dk; ðC3aÞ

geeðr; θÞ ¼
ℏ
m

Z
∞

0

h
feeðr; kÞ − feðkÞ

i
dk: ðC3bÞ

It is not difficult to show that geeðr; θÞ ≃ uxðrÞ cos θþ
uyðrÞ sin θ, where the drift velocity is obtained as uðrÞ ¼
ð1=πÞ R 2π

0 gðr; θÞûðθÞdθ [28]. We restrict ourselves to
steady-state conditions, such that the nonequilibrium dis-
tribution function fðr; kÞ becomes independent of time.
Hence, as described in Ref. [28], the Boltzmann equation
for the nonequilibrium distribution function in an electric
potential VðrÞ and a perpendicular magnetic field B reduces
to Eq. (1).
The geometry and edge scattering play a crucial role in

viscous electron flows, so the Boltzmann equation must be
supplemented with the appropriate boundary condition.
Two common choices [28,36] are the diffusive (DF) edge
that assumes gðθÞ ¼ 0 for all reflected electrons and the
partially specular edge that reads

gðθÞ ¼ gð−θÞ þD sin θ

×

�
gð−θÞ − 2

π
sin θ

Z
π

0

sin2θ0gð−θ0Þdθ0
�
; ðC4Þ

where 0 < θ < π are the reflected electrons and −π<θ<0
are the incident ones. For the sake of simplicity, we wrote
the boundary condition for an edge parallel to θ ¼ 0. Here,
D≡ ffiffiffi

π
p

h2h0k3F ≲ 1 is the dispersion coefficient, with h the
edge’s bumps mean height and h0 its correlation length. If
D ≪ 1, the edge is almost specular (see Ref. [28] for
further details of the theoretical model). Indeed, we

compute all the results with D ¼ 0.01 ≪ 1, which is an
almost perfect specular boundary.

APPENDIX D: NUMERICAL METHODS

We solve the Boltzmann equation numerically with a
conformal Galerkin finite element method [64]. We
approximate the solution as

gðr; θÞ ¼
XN
n¼1

XM
m¼1

ϕnðrÞφmðθÞ: ðD1Þ

For the spatial part, fϕngNn¼1 is the set of tent functions and
the products of two tent functions defined on a triangular
mesh [65] for the antidot geometry. We impose a maximum
triangle size h < 0.1d (or h < 0.2d under a magnetic field)
for which N ∼ 2000 and convergence is ensured. For the
angular part, fϕmgMn¼1 is a set of periodic functions defined
on the interval ½0; 2πÞ and we useM ¼ 16 andM ¼ 32. We
write the weak formulation of Eq. (1), add an equation to
set a uniform density of carriers, and solve the resulting
linear system iteratively with a least square approximation
in MATLAB. At the edges, we impose the boundary
condition Eq. (C4) for reflected electrons. We solve the
system on a rectangular cell of size 2

ffiffiffi
2

p
d ×

ffiffiffi
2

p
d, and

impose periodic boundary conditions. We set the potential
difference between two cells across the longitudinal direc-
tion, and determine the Hall potential across the transverse
direction by adding an additional equation that imposes no
net current across the transverse direction. The hydro-
dynamic model that we used for the geometry optimization
was also solved using finite elements [28]. We used a
Runge-Kutta 4 method to find the electron trajectories in
the streamlines, and numerical integration to find the total
current. Given the carrier density n ¼ 0.3 × 1012 cm−2
which was determined from Hall measurements and the
quantum Hall effect, the reduced units from the numerical
simulation are translated into resistances. The resistances
include a geometrical aspect ratio L=W, where L ≈ 3 μm is
the length of the region containing the antidots and W ¼
3 μm its width, so L=W ¼ 1.

APPENDIX E: SAMPLE CHARACTERIZATION

In this appendix, we present the electrical characteriza-
tion of the sample. Figures 8(a)–8(c) show the Dirac peaks
for the three regions (d ¼ 100, 200, and 300 nm) of the
device at T ¼ 1.5 K. The peaks broaden due to the nano-
structuring of the device, which, aside from tensions near
the edges, results in charge inhomogeneity (see
Appendix F). Thus, we shall be careful when we discuss
the results near the Dirac peaks, especially when we
compare them with simulations of the Boltzmann equation.
However, this is not the case away from the charge
neutrality point, where these curves show an increase of
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the resistance with decreasing antidot size. This means the
electrical properties are strongly affected by scattering
against the antidots. In particular, let us consider that the
resistance at very low temperature T ∼ 1.5 K depends only
on the antidot nanostructure and on the scattering against
impurities: Collisions with other electrons [13] and pho-
nons [40] are negligible at this temperature. Now, we have
to disentangle the collisions against the antidots of size d
and against impurities (microscopic processes with a mean
free path le;imp). Note that using a Drude-like model with
Matthiessen’s rule to add all collision sources 1=le þ
1=lee þ 1=d is impossible in the hydrodynamic regime,
where the scattering mechanisms work together with the
geometry to set the electrical properties [1,2]. However, we
can use the Boltzmann equation to disentangle the various
collision mechanisms by solving it to find the le;imp that
results in the observed resistance. Figures 8(d)–8(f) show
the estimated le;imp, that gives rise to the experimental
resistances of Figs. 8(a)–8(c) by way of the Boltzmann
transport simulations. We also find that the resistance is
robust regardless of the particular value of le;imp, and any
value within the range le;imp ¼ 700� 300 nm could
explain the experimental results in Figs. 8(a)–8(c). This
is the dependence that we expect when the electrical
properties are not strongly affected by impurity scattering,
but rather by the antidot geometry. In particular, given the
moderate influence of le;imp, there is no need to consider
different le;imp to account for the experimental results in the
three antidots regions. In view of these results, we assume

le;imp¼ 700 nm at n ¼ 0.3 × 1012 cm−2, similar to the
mean-free path due to impurities achieved in other gra-
phene nanostructures [38]. Last, at higher temperatures T,
we add phonon scattering 1=le ¼ 1=le;imp þ 1=le;ph, with a
Bloch-Grüneisen temperature of 54 K to account for the
low-temperature nonlinear dependence [40]. This assumes
that phonons do not affect the electrical properties below
≈10 K and a high-temperature linear dependence of le;ph ≈
170 μmK=T [39].

APPENDIX F: CHARGE INHOMOGENEITY

We engineer the geometry of the device in order to bend
the electron flow. As a side effect, the backgate induces an
inhomogeneous density of carriers n. Let us quantify the
underlying electrostatic effect for a graphene flake encap-
sulated between two layers of h-BN, a dielectric medium
with ε ∼ 3.5, with the top and bottom thicknesses of 8 and
60 nm, respectively. For this purpose, we consider a
simplified two-dimensional setup by assuming that the
antidots extend across the direction perpendicular to the
figure, where we can solve the Poisson equation with a
finite differences numerical method. Figure 9 shows the
solution: Figures 9(a) and 9(b) show the electrostatic
potential and Figs. 9(c) and 9(d) account for the induced
density of carriers. Indeed, the carrier density is not
homogeneous, and the accumulation next to the edges
would be more relevant for superlattices of shorter d.

FIG. 8. Sample characterization. (a)–(c) Experimental Dirac
peaks at T ¼ 1.5 K. The nanostructuring of the device broadens
the Dirac peaks (shaded area). The symbols with error bars show
the simulated values of Rwhen a range of le;imp ¼ 700� 300 nm
was considered. (d)–(f) Estimation of the mean free path due to
impurities le;imp. The symbols with error bars indicate the range
of values le;imp ¼ 700� 300 nm considered for the numerical
estimation of R.

FIG. 9. Charge inhomogeneity in antidot superlattices. (a),(b)
Transverse section of a graphene conductor, encapsulated be-
tween two layers of h-BN, on top of a backgate at a given
potential, for d ¼ 100 and 300 nm hole sizes. (c),(d) Induced
density of carriers in the flake, normalized to the n0 density
corresponding to an ideal capacitor. (e),(f) Color maps of the
electrical potential inside the sample with the streamlines for the
electron fluid simulated with the Boltzmann transport equation.
Left-hand (right-hand) panels show results for antidots of
diameter d (1.1d).
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Charge inhomogeneity broadens the Dirac peak of
geometrically engineered samples, shortens the effective
mean free paths le, and leads to small discrepancies when
the same value of le is used for all antidot regions. We
quantify the effect of charge inhomogeneity by studying
the most dramatic scenario where the region adjacent to the
antidots does not contribute to electrical conduction, for
example, when it is depleted of free carriers. Therefore, we
can simply simulate a system with the same center-to-
center distance, but with a bigger antidot diameter. The
results for archetypal experimental parameters at low
temperatures and d=le ¼ 0.15 are shown in Figs. 9(e)
and 9(f). We find that even a major change of 10% in
the antidot diameter results in only a change of 17% in the
resistance. Although it is quite remarkable, it is not enough
to explain the most relevant results of our work.
Last, we notice that, due to the doping of the graphene

flake with holes, the applied voltage needed to achieve a −n
density of holes is smaller, in modulus, than to achieve the
same density of electrons n. Thus, the inhomogeneity is
less noticeable when working with holes. This may explain
the better agreement with the simulations when working
with holes [see Figs. 2(b) and 2(c)]. Finally we notice that,
if the scaling laws were caused by the inhomogeneity, they
should be dramatically different for electrons and holes.
Consequently, the fact that the scaling R1=R2 > 2 prevails
for both types of carriers [see Fig. 4(a)] shows that it is not
due to charge inhomogeneity.

APPENDIX G: CHARGE NEUTRALITY

Superballistic conduction is often studied far away from
the charge neutrality point [13,18,66]. Conversely, in this
appendix, we will focus on superballistic conduction near
the charge neutrality point. Figure 10(a) shows an
Arrhenius plot of the resistance as a function of temperature
near the charge neutrality point with two well-differentiated
physical regimes. The high-temperature region is domi-
nated by nonhydrodynamic thermal effects and, so, the
experimental data do fit the Arrhenius law. For low
temperatures T ≲ 100 K [39], this is not the case as a
result of the collective electron flow. Indeed, Figs. 10(b)
and 10(c) (both for a different carrier density) show two
distinguishable steps in the experimental resistance:
Superballistic conduction occurs at T ≲ 100 K and other
thermal phenomena at T ≳ 100 K. Note that thermal
excitations present at higher temperatures boost the tran-
sition from the inhomogeneity regime to the regime of
Dirac plasma [49]. Other thermal processes given in
intrinsic semiconductors or insulators result in a similar
behavior (dR=dT < 0). Most importantly, the decrease of
resistance due to the superballistic conduction or the Dirac
plasma effect occurs at distinguishable temperatures and
has a different functional dependency [13,49]. The fact that
the descent at low temperature (T ≲ 50 K) is highly
dependent on d further shows that it is a geometrical

effect, as hydrodynamic theory predicts, and it can be
mainly attributed to superballistic conduction.

APPENDIX H: BOUNDARY SCATTERING AND
UNIVERSALITY

One of the main questions regarding electron hydro-
dynamics is that of the edge scattering, which determines
electrical properties to some extent [36]. The cryoetching
technique gives control of the graphene edge, with bumps
of mean height h and correlation lengths h0 in the order of
nanometer [33,34]. Since k−1F ≫ 1 nm unless we are next
to the Dirac peak, we assume D ¼ ffiffiffi

π
p

h2h0k3F ≪ 1 for the
dispersion coefficient in the simulations. Indeed, we
compute all the results with D ¼ 0.01 ≪ 1, which is
practically perfectly specular. In this sense, this is the same
as the boundary condition for electrostatically defined
edges in GaAs heterostructures [18], providing a mecha-
nism for the control of edge scattering in graphene, whose
gaplessness does not allow electrostatically defined edges.
This provides results in agreement with the experiment.
In this appendix, we investigate the role of edge scattering

by performing simulations of the Boltzmann transport
equation. Figures 11(a) and 11(b) show the resistance as
a function of the electron-electron scattering rate and the
magnetic field, for several boundary conditions. The result is

FIG. 10. Resistance measurements near the charge neutrality
point. (a) Arrhenius’s law characterizes thermally activated
conduction. (b),(c) Resistance as a function of the temperature
for densities of carriers.
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almost constant for several values of D in a partial slip
boundary condition. A specular boundary condition is
shown in Fig. 11(c), where the electron streamlines perfectly

follow the shape of the holes. The electrical properties are
not very different for the diffusive edge, whose velocity
profile is shown in Fig. 11(d), and whose streamlines are
slightly separated from the antidots. Consequently, we prove
that the results are robust regardless of the edge scattering
mechanism. Both the edge control of the cryoetching
technique and the fact that the electron bending is mainly
controlled by the antidot geometry and not by edge scatter-
ing ensure an almost universal viscous electron flow in our
graphene antidot superlattices.

APPENDIX I: REPRODUCIBILITY

In order to further support our findings, we fabricated a
second device. The new Hall bar includes the same three
regions with antidots, as well as a pristine Hall-bar-like
region where no antidots were defined, see Fig. 12(a). The
experimental procedure is described in Appendix B, but
now a standard 300-nm-thick SiO2 substrate is used to
enable higher gate voltages without dielectric breaking.
While the top h-BN flake was kept comparable to the one
used for the graphite backgate sample (∼10 nm), the
bottom h-BN flake was (∼30 nm) since there was no risk
of electrical short from the graphene toward an underlying
metallic layer (graphite). Figure 12(b) shows the Dirac
peaks of the new sample, with the resistance as a function
of carrier density. Figures 12(c) and 12(d) show the
superballistic conduction in the regions with antidots, being
qualitatively similar to the resistance behavior studied in

FIG. 11. Robustness of the results regardless of boundary
scattering. (a) Simulations of the Boltzmann transport equation
for the resistance as a function of the electron-electron collision
rate d=lee, being le¼ 700 nm. We show the result for a diffusive
(DF) edge and several values of D in a partially specular edge.
(b) Simulations of the magnetoresistance for some cases are
shown in (a). (c),(d) Streamlines and velocity profiles for a
specular boundary with D ¼ 0.01 and a diffusive boundary, for
le ¼ 3d, lee ≫ d.

FIG. 12. Superballistic conduction arises only in regions with antidots. (a) Optical image of the second superlattice, with a pristine
region and antidots of diameters d ¼ 100, 200, and 300 nm. (b) Dirac peaks in all the samples. (c),(d) Resistance as a function of the
temperature for the densities of carriers n ¼ 0.3 × 1012 cm−2 and n ¼ 1.2 × 1012 cm−2, respectively.
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Fig. 2 for different densities of carriers. Most importantly,
no superballistic effect arises in the pristine region. In
conclusion, the values of dR=dT < 0 in the d ¼ 100, 200,
and 300 nm regions further justify the finding of super-
ballistic conduction in antidot superlattices. Moreover, the
absence of the effect in the pristine region with no antidots
suggests that the geometrical engineering of the device is
responsible for the superballistic conduction.

APPENDIX J: TOMOGRAPHIC AND
HYDRODYNAMIC APPROACHES

We work under the tomographic approach [43–47],
where levenee ¼ lee and loddee ≫ lee. Let us compare it with
the conventional hydrodynamic description levenee ¼ loddee ¼
lee. This comparison is possible by going beyond the
approximated anti-Matthiessen rule [13,17] and solving the
Boltzmann equation. Note that, despite the tomographic
approach for electron-electron collisions, collisions against
impurities and phonons in le contribute equally to the even-
and odd-parity modes [42]. Consequently, some features of
a fully tomographic regime may blur due to impurities.
Still, we can investigate the differences between the hydro-
dynamic and tomographic approaches. Figures 13(a)
and 13(b) show the current distribution under both
approaches. Also, Fig. 13(c) shows the magnetic response
under a purely hydrodynamic description, to be compared
with Fig. 3(d) for the tomographic description. As the
magnetic field increases, it rotates the velocity of the
electrons and makes the distinction between even- and
odd-parity modes less noticeable. However, the behavior
is different in the absence of a magnetic field. Therefore,
simulations show a difference between the electrical
response depending on the microscopic scattering
mechanisms.

APPENDIX K: SCALING LAWS

Hydrodynamic flow features properties that strongly
depend on the scale. Let us analyze some relevant scaling
laws affecting the device resistance in the hydrodynamic
regime, R ∝ 1=dα. In the latter, the Boltzmann equation can
be reduced to a modified Navier-Stokes equation together
with the continuity equation as follows [28],

∇ · u ¼ 0; ðK1Þ

−ν∇2uþ vF
le

u ¼ e
m
∇V; ðK2Þ

where u is the fluid drift velocity and ν¼vF ·ðl−1e þl−1ee Þ−1=4
is the viscosity. For simplicity, we write the equation in the
absence of a magnetic field. Equation (K2) includes a
dissipative term that accounts for collisions against impu-
rities and phonons. These equations are solved for a
particular boundary condition, that in our experimental
setup describes a perfectly specular edge. This imposes
the no-trespassing u⊥ ¼ 0 and the ∂⊥uk ¼ 0 conditions of
perfect slip, corresponding to specular edges, where uk and
u⊥ are the components of the velocity parallel and
perpendicular to the edge.
Let us first study the physical situation such that the

viscous term dominates:

−ν∇2uV ¼ e
m
∇VV: ðK3Þ

In this case, the solution for any geometrical size d reads
as uVðrÞ ¼ ũVðr=dÞ and VVðrÞ ¼ d−1ṼVðr=dÞ, where ũV
and ṼV are functions that do not depend on d. Note that
these functions fulfill the specular boundary condition.
Furthermore, although this reasoning would not be valid for
partial slip boundary conditions, it also applies to the no-
slip condition uk ¼ 0 commonly used for the derivation of
the Poiseuille law in conventional fluids. As a consequence
of the scale dependence, VVðrÞ ∝ 1=d is the voltage drop in
a region of length d, and the resistance for devices of the
same geometry and different sizes scales as RV ∝ 1=d2,
i.e., α ¼ 2.
On the contrary, if the diffusive term dominates, Eq. (K2)

reduces to

vF
le

uD ¼ e
m
∇VD; ðK4Þ

which is solved by the family of solutions uDðrÞ ¼
ũDðr=dÞ and VDðrÞ ¼ dṼDðr=dÞ. Regardless of the boun-
dary condition, this results in a constant resistance RD,
i.e., α ¼ 0.
In the general scenario considered in Eq. (K2), there is no

trivial expression for α. However, we propose to make the
following ansatz: uVðrÞ ¼ uDðrÞ ¼ uðrÞ. Namely, there is a

FIG. 13. Tomographic and hydrodynamic transport. (a) Simu-
lations of the Boltzmann equation for electron streamlines and
current profiles, being d=le ¼ 0.25, d=levenee ¼ 0.4 and d=loddee ¼ 0
in the tomographic approach followed in this paper. (b) Same
with d=levenee ¼ d=loddee ¼ 0.4 and d=loddee ¼ 0 in a fully hydro-
dynamic description. (c) Magnetoresistance simulations in the
fully hydrodynamic approach.

JORGE ESTRADA-ÁLVAREZ et al. PHYS. REV. X 15, 011039 (2025)

011039-12



single velocity field uðrÞ that solves both the equation with
the viscous term and the dissipative term. However, the
associated potentials and resistances may not be the same,
so we define the bending coefficient β ¼ RV=RD. The latter
only depends on the geometry such that a higher β
corresponds to a more irregular electron flow. In order
to estimate β we consider the total resistance in Eq. (K2) as
proportional to the sum of two terms [associated with the
limiting cases considered in Eqs. (K3) and (K4)] that are
independently simulated,

R ∝
βν

vFd2
þ 1

le
; ðK5Þ

yielding Eq. (2). A similar expression was derived for the
averaged resistance for 2D GaAs samples, where large-
radius oval defects may arise in the process of fabrication
[52]. Here, we estimate β ≃ 4.4 for the antidot geometry.
Lastly, note that this expression is consistent with an
exponent 0 < α < 2.
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