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Unconventional Floquet topological phases in the Su-Schrieffer-Heeger lattice
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Topological materials, known for their edge states robust against local perturbations, hold promise for next-
generation quantum technologies, but remain scarce in nature and challenging to realize in static systems. The
Su-Schrieffer-Heeger chain is a one-dimensional system with a well-known topological phase protected by chiral
symmetry, although its static control is limited. To overcome these limitations, we propose to use high-frequency
monochromatic driving and modulated amplitude pulses to induce and switch the Floquet topological phases
even when the chiral symmetry is dynamically broken. Using a Kramers-Henneberger-like transformation, we
encode all Floquet sidebands into a single effective Hamiltonian. We demonstrate that both monochromatic and
experimental pulse protocols (Gaussian and fast-beating envelopes) can induce topological edge states, enabling
dynamic phase switching. Notably, fast-beating modulations require significantly lower-field amplitudes than
monochromatic ones, especially with a larger intracell dimer separation. Our findings offer an experimentally
feasible route for Floquet engineering, paving the way for ultrafast and energy efficient control of topological
phases in quantum platforms, opening up different possibilities in the field of dynamic quantum materials.

DOI: 10.1103/hh2x-mbrb

I. INTRODUCTION

Topological materials have received a great deal of at-
tention since their discovery [1–6]. Their engineering via
periodically driving time-dependent interactions has been
shown to be a suitable means to manipulate material prop-
erties on demand. These topological materials can support
a bulk band gap, but have protected gapless edge states at
their boundaries. Spinless systems have been shown to possess
protected edge states in the absence of time-reversal symmetry
[7]. In pioneering works [8–21], it is shown that nontrivial
topological properties can be induced in static systems by
periodically driving fields, leading to the so-called Floquet
topological insulator (FTI), which show boundary edge states
that are not achievable within the static scenario. Generally
speaking, the topological response of a physical system can
be assessed via topological invariants, such as the Chern num-
ber, the spin-Chern number Z2, and higher-order extensions.
The tenfold classification and its extensions allow one to
determine which class belongs to a given system solely by
its symmetries and spatial dimension [22–26]. An interesting
model for realizing FTI phases in periodically driven lattices,

*Contact author: alexlo08@ucm.es

valid for arbitrary driving regimes, is presented in Ref. [27],
demonstrating that nonadiabaticity drives transitions between
distinct topological phases.

Remarkably, several works on FTIs focus on constant-
amplitude periodic interactions. However, maintaining a
constant-amplitude electric field can be challenging in ex-
perimental setups, whereas the use of finite-duration pulses
modulated in amplitude and frequency, achievable within
current technological implementations, allows for a more real-
istic description of the actual experimental scenario [28]. For
example, recent advances in time-dependent angle-resolved
photoemission spectroscopy have enabled access to ultrafast
electron states and their spin dynamics in solids [29–32].
From a theoretical point of view, the description of such
experimental scenarios needs to take into account the non-
periodicity of the systems, i.e., regimes beyond conventional
Floquet engineering. This can be done with direct solutions
to the time-dependent problem or with hybrid formalisms,
such as the so-called t − t ′ formalism. The latter describes the
effects of the driving field within the Floquet picture by using
two distinct timescales, namely the timescale of the envelope
amplitude and the period of the external field [28,33–36].

Although the t − t ′ formalism brings a powerful tool for in-
terpreting the time evolution under nonperiodic pulses within
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the Floquet picture, it has important limitations when dealing
with strongly nonadiabatic regimes. Additionally, it could be
computationally expensive since several sidebands are nec-
essary for the correct description of intense radiation fields.
To overcome these limitations and in order to deal with arbi-
trary pulse shapes, this work uses a Kramers-Hennenberg-like
transformation [37]. This transformation is less computa-
tionally expensive and allows us to obtain the zero-order
renormalized sideband contribution directly.

In this work, we focus on the periodically driven
one-dimensional Su-Schrieffer-Heeger (SSH) chain [38–42]
where intense pulses generate nontrivial Floquet topologi-
cal states protected by the chiral symmetry. We show that
despite the instantaneous breaking of chiral symmetry, a
dipolar periodic driving protocol can still induce robust topo-
logical edge states, even in parameter regimes where the
static system remains topologically trivial. Moreover, the
amplitude-modulated protocols enable the realization of these
nontrivial topological phases at lower values of the light-
matter coupling strength, compared to the ones required for
constant-amplitude modulations. We expect these features to
be advantageous for actual experimental realizations of our
theoretical proposal within the realm of spectroscopic exper-
imental implementations. We characterize these topological
transitions by an invariant defined in real space and by observ-
ables such as the time-averaged density of states (DOS), that
is related to the average probability of occupation of the side-
bands. The structure of this work is as follows. In Sec. II the
topological invariant employed is defined, and in Sec. III we
apply the Kramers-Henneberger transformation to effectively
solve the dynamical response of a one-dimensional SSH chain
subject to a periodically driving electric field with constant
amplitude, showing the time-averaged DOS tunability of the
quasienergy spectrum. Then, in Sec. IV we extend the analysis
to amplitude-modulated electric field configurations, com-
paring explicitly Gaussian and harmonic-modulated pulses,
which constitute two experimentally relevant driving proto-
cols. Section V presents the concluding remarks.

II. TOPOLOGICAL CHARACTERIZATION
OF DRIVEN SYSTEMS

The topological nature of a system is characterized by the
invariant associated with its symmetry class [23]. In trans-
lationally invariant systems, this quantity can be evaluated
in momentum space through global invariants such as the
Chern number [43] or the winding number [44]. However,
for finite or disordered systems, where translational symmetry
is broken, these momentum-space formulations are no longer
applicable. In such cases, one must resort to real-space quan-
tities such as local topological markers, which generalize the
notion of bulk invariants to nonperiodic settings [45,46].

Since we focus on the SSH chain, which belongs to the AIII
symmetry class, the relevant topological quantity is the wind-
ing number. In real-space formulations, its local counterpart,
named the winding marker, can be expressed as

ν(x) = −2π i Trx(P�[X, P]), (1)

where Trx denotes the trace over the spatial coordinates, P =∑
En<EF

|n〉〈n| is the projector onto the occupied states, X is

the position operator, and � is the chiral operator. However,
evaluating ν(x) requires constructing the full projector P,
which involves all occupied eigenstates and rapidly becomes
computationally demanding for large or dense systems. To cir-
cumvent these limitations, the spectral localizer formalism has
been introduced as an alternative real-space approach [47]. It
encodes the same topological information by combining the
Hamiltonian and position operators within a Clifford algebra
framework into a single Hermitian matrix known as the spec-
tral localizer L(x,E ). This construction is such that, when the
position and Hamiltonian operators commute, the localizer is
block-diagonal and its signature (i.e., the difference between
the number of positive and negative eigenvalues) is zero, in-
dicating a topologically trivial phase. In contrast, when the
operators fail to commute, the localizer develops a nonzero
signature, and half of this value defines the topological index
of the system [48]

ν = 1
2 sig(L(x,E ) ), (2)

where sig(O) stands for the signature of the operator O.
For the AIII symmetry class, the localizer is defined as

L(x,E ) = [κ (X − x1) − i(H − E1)]�, (3)

where x specifies the real-space position around which the
topological properties are locally evaluated (usually x = 0 is
set to be in the middle of the chain), E sets the energy ref-
erence used to probe the occupied and unoccupied subspaces
(E = 0), and κ is a parameter that weights the Hamiltonian
and the position operator. This dependence allows the spectral
localizer to distinguish between regions with different local
topological character, such as bulk and edge domains, or be-
tween energies inside and outside the bulk gap. When we are
dealing with a periodically driven system, the Hamiltonian we
need to use for defining the spectral localizer is the effective
Floquet Hamiltonian [49] given by

Heff = i

T
log

[
T exp

(
−i

∫ T

0
H (t )dt

)]
, (4)

where T is the period of the driving T = 2π/� (or �− in the
periodic envelope laser pulse discussed below), and T is the
time-ordering operator.

As the signature of the spectral localizer encodes the topo-
logical index of the system, the corresponding topological
phase remains invariant as long as the localizer gap does
not close. Consequently, the absolute value of the smallest
eigenvalue of the localizer,

μ = min {|eigenvalue[L(x,E )]|}, (5)

provides a quantitative measure of the robustness of the topo-
logical phase. A large μ indicates that the system is far from a
topological transition, whereas a vanishing μ signals the clos-
ing of the localizer gap and the onset of a possible topological
phase transition.

III. PERIODICALLY DRIVEN SSH CHAIN

We consider spinless electrons in a periodically driven
one-dimensional SSH chain with N dimers, with staggered
hopping energies, and subject to a time-dependent uniform
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FIG. 1. Schematic representation of the (a) static, (b) driven, and
(c) effective one-dimensional SSH chain. The lattice and intracell
dimer separations are denoted as a and b, respectively. The unit cell is
highlighted within the red rectangle. The intracell and intercell hop-
ping energies are v and w, respectively. E (t ) is the time-dependent
electric field along the chain and the effective light-matter cou-
plings are g′ = (1 − b/a)g and g′′ = gb/a with g = eaE0/h̄�. Here,
E0 and � denote the amplitude and frequency of the driving field,
respectively.

electric field, as shown schematically in Fig. 1. The static
Hamiltonian for the bipartite system is given as [27,40]

HS = v

N∑
�=1

|�〉〈�|σx + w

N−1∑
�=1

|� + 1〉〈�|σ+ + H.c., (6)

where |�〉 represents the two orbitals located in the �th unit
cell and σ± = (σx ± iσy)/2 are the usual ladder operators,
with Pauli matrices acting in the inner space of the {A, B}
sublattices. In addition, v and w denote the intra- and intercell
hoping energies, respectively.

When the chain is subject to a periodic driving protocol,
via a uniform monochromatic electric field directed along the
chain and described within the dipolar approximation, the
total time-dependent Hamiltonian H (t ) = HS + V (t ) reads

H (t ) = HS + eE (t )x, (7)

with −e the electric charge of the electron, E (t ) the time-
dependent electric field, and x the position operator with
respect to the center of the chain. Within this formulation, the
driving interaction is symmetric with respect to the reflection
operation x → −x (besides an irrelevant phase shift). In the
tight-binding approach, the interaction takes the form

V (t ) = eE (t )
N∑

�=1

[
(2� − N − 1)

2
a1σ − b

2
σz

]
|�〉〈�|, (8)

with a being the lattice spacing and b the distance between
the sublattice atoms [27]. Here, 1σ is the identity operator
in the degree of freedom of the sublattice. The last term in
Eq. (8) shows that whenever the intracell dimer separation
b is nonzero, the electric field dynamically breaks the chiral
symmetry of the system given by the operator σz. It is well

known that in the static regime, without chiral symmetry, the
SSH chain is in a topologically trivial phase.

The Schrödinger equation for the time-dependent Hamilto-
nian (7) is

ih̄∂t |
(t )〉 = H (t )|
(t )〉, (9)

and its solution can be written as a linear combination of the
eigenstates of HS ,

|
(t )〉 =
N∑

�=1

∑
s=±

c�,s(t )|�〉|s〉, (10)

where |s〉 is the eigenvector related to the sublattice space.
To solve the dynamical evolution equation, we first perform
a unitary transformation |
(t )〉 = P(t )|�(t )〉 into the time-
dependent Schrödinger equation, where P(t )P†(t ) = 1σ1N ,
with 1N being the N-dimensional identity operator. Therefore,
we get the transformed Hamiltonian

H(t ) = P†(t )H (t )P(t ) − ih̄P†(t )∂t P(t ). (11)

Up to now, the result is valid for any general time-
dependent problem. Now we choose

ih̄∂t P(t ) = V (t )P(t ), (12)

whose solution is given by

P(t ) = eiB(t )σz/2
N∑

�=1

p�(t )|�〉〈�|, (13)

where p�(t ) = exp[−i(a/b)(� − N/2 − 1/2)B(t )] and B(t ) =
(eb/h̄)

∫ t E (t ′)dt ′. Since this unitary transformation also satis-
fies [P(t ),V (t )] = 0, the transformed Hamiltonian then reads

H(t ) = P†(t )HSP(t ). (14)

The effective time-dependent Hamiltonian is given as

H(t ) = v

N∑
�=1

|�〉〈�|(e−iB(t )σ+ + H.c.)

+ w

N−1∑
�=1

[p(t )|� + 1〉〈�|e−iB(t )σ+ + H.c.], (15)

where p(t ) = exp[i(a/b)B(t )]. For the effective electric field
E (t ) = E0 cos �t , we get

H(t ) = v

N∑
�=1

|�〉〈�|(e−irg sin �tσ+ + H.c.)

+ w

N−1∑
�=1

[|� + 1〉〈�|ei(1−r)g sin �tσ+ + H.c.], (16)

where g = eaE0/h̄� is the effective light-matter coupling and
r = b/a is the distance ratio. The unitary transformation em-
ployed is a Kramers-Henneberger transformation [37]. This
approach shows some advantages with respect to other per-
turbation schemes, such as the Brillouin-Wigner (BW) and
the Floquet Magnus expansion (FME) methods. The BW
perturbation method solves the energy spectrum in a self-
consistent fashion and relies on the interaction to be much
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smaller than the energy separation of the unperturbed levels
[50–52]. Similarly, the FME involves the convergence of a
series expansion expressed in terms of time integrals of the
perturbation and its nth-order commutators at different times
[53,54]. For a sinusoidal modulation, the maximum value of
the effective light-matter coupling strength g = π/4 is re-
quired for the FME to converge. Therefore, neither the BW
nor the FME is suitable for dealing with the strong light-
matter coupling regime described in this work, for which we
are considering g larger than π/4. Conversely, the Kramers-
Henneberger transformation leads to an effective description
of the light-matter interaction, in which the coupling param-
eter is encoded in Bessel functions, that are always restricted
to the interval (0,1), for any value of the effective light-matter
coupling strength. This enables us to study the strong light-
matter coupling regime without including a large number
of sidebands. In fact, applying the standard Floquet theory
directly to the driven SSH system, would require the in-
clusion of 150 sidebands for the quasienergy spectrum to
converge [17]. By contrast, the Kramers-Henneberger yields
the quasienergy spectrum in terms of the zero order renor-
malized sideband contribution. Furthermore, this approach is
applicable to amplitude modulated pulses without resorting to
the t − t ′ formalism.

The Floquet theorem states that the solution of a time-
periodic Hamiltonian can be expressed as a linear combina-
tion of functions sharing the same periodicity [55,56]

|
(t )〉 =
∑

α

fαφF
α (t ). (17)

Here, φF
α (t ) = e−iEαt/h̄uα (t ) is called the Floquet function and

can be expressed as a periodic function uα (t ) modulated by a
nonperiodic part depending on an exponent Eα . Since uα (t ) is
periodic, we can expand it in its Fourier components

uα (t ) =
∞∑

m=−∞
eim�t uα,m. (18)

Substituting this into the definition of the Floquet function
gives

φF
α (t ) = e−iξα,mt/h̄uα,m, (19)

where ξα,m = Eα − mh̄� is called the quasienergy, stemming
from the fact that, for a time-dependent Hamiltonian, en-
ergy is not a conserved quantity (for further discussion, see
Ref. [57]). This decomposition can be used to find an equiva-
lent formulation to the explicitly time-dependent Hamiltonian
H(t ) in terms of its Floquet-Fourier coefficients

Hmm′ = 1

T

∫ T

0
H(t )ei(m−m′ )�t dt − mh̄�δmm′12N , (20)

where 12N = 1σ

∑N
�=1|�〉〈�| is the 2N × 2N identity matrix

describing the dimer and lattice sites subspace for a chain
with N dimers. The pulse period is T = 2π/�. In practice, the
Fourier series to build the Floquet-Fourier matrix is truncated
for a maximum number of replicas Mmax so that the spectrum,
DOS, and other physical quantities of interest are not modified
upon introducing additional Floquet replicas. Thus, the full

Floquet-Fourier Hamiltonian can be written as

HFF =
Mmax∑
m,m′

Hmm′ |m〉〈m′|, (21)

where |m〉 is the space of the replicas.
Since the effective electric field is a monochro-

matic radiation field with constant amplitude, we can
make use of the Jacobi-Anger expansion exp(iz sin �t ) =∑∞

n=−∞ Jn(z) exp(in�t ) in terms of the Bessel functions of
the first kind, to write the effective Hamiltonian (16) in
the space of the Floquet replicas. Using the orthogonal-
ity relation (1/T )

∫ T
0 ei(m−m′ )�t dt = δmm′ we can write the

Floquet-Fourier Hamiltonian (20) as

Hmm′ =
N∑

�=1

|�〉〈�|{vJn(g′)[(−1)nσ+ + σ−]

− mh̄�1σ δmm′ } + wJn(g′′)

×
N−1∑
�=1

[(−1)n|� + 1〉〈�|σ+ + |�〉〈� + 1|σ−], (22)

where n = m′ − m, g′ = rg, g′′ = (1 − r)g, and we have
used the parity property of the Bessel functions Jm(−z) =
(−1)mJm(z). For large frequencies, i.e., when w, v � h̄�, one
can approximate the Floquet-Fourier Hamiltonian as HFF ≈
H00 with

H00 = vJ0(g′)
N∑

�=1

|�〉〈�|σx + wJ0(g′′)

×
N−1∑
�=1

(|� + 1〉〈�|σ+ + |�〉〈� + 1|σ−). (23)

From Eq. (23) we can see that the intracell dimer separation
b effectively adds a modulation of the intracell hopping pa-
rameter v. Since Bessel functions are oscillatory bounded by
max {Jm(x)} � 1, when b = 0, only the intercell hopping w

is renormalized. Here, the topological state disappears when
wJ0(g) < v while the trivial state remains unchanged. In con-
trast, when b 	= 0 the modulation extends to intracell hopping
as well, allowing for regions in g space where vJ0(g′) <

wJ0(g′′), thus allowing the emergence of a topological phase.
Therefore, Eq. (23) highlights that although the intracell dimer
separation parameter b dynamically controls the breaking of
chiral symmetry, the resulting effective Floquet Hamiltonian
preserves this symmetry. Moreover, b simultaneously tunes
the intercell to intracell hopping ratio, thereby governing the
emergence of topological phase transitions.

For the numerical discussion, we have considered w as
our unit of energy. Therefore, the topological state is char-
acterized by 0 � v < 1. For a better comparison with the
results reported in Ref. [27], we have obtained the spectra
and eigenstates of a N = 20 SSH chain when driven by a
high-frequency electric field (i.e., h̄� = 10w) in terms of the
effective light-matter interaction strength g.

In addition to the topological characterization, in the fol-
lowing we discuss the time-averaged density of states (DOS),
which provides information on the energy level occupation,
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FIG. 2. Quasienergy spectrum within the off-resonant regime
h̄�/w = 10, for the static topological phase v/w = 0.3 and b = 0.
The color scale on the right represents the time-averaged DOS ρ̄

associated with each quasienergy state in the FBZ. The inset shows
the time-dependent profile of the applied electric field, and the ticks
in its x axis represent the integrating regions of Eq. (20). ρ̄ is obtained
with M = 20 replicas and the shaded blue area gives the value of μ,
as defined in Eq. (5), related to the signature of the spectral localizer
(3).

as discussed below. In time-periodic systems described within
the Floquet formalism, this quantity is usually defined as
[11,58–60]

ρ̄(�) =
∑
α,m

|uα,m|2δ(Eα,m + mh̄ω − h̄�), (24)

such that
∫

ρ̄(�)d� = 1 and it can be interpreted as an occu-
pation of the Floquet replicas. In our case, since nonperiodic
pulses are also considered, we define it through the average
over one period as

ρ̄(�) =
∑
α,m

1

T

∫ T

0
||P(t )uα,m||2δ(Eα,m + mh̄ω − h̄�)dt .

(25)

In this way, we can spot when the gap opens or closes, and
also quantify the value of the time-averaged DOS of the edge
states. The quasienergy spectra can be obtained directly from
Eq. (11) using the unitary transformation, without the need for
replicas to ensure convergence. On the other hand, obtaining
the time-averaged DOS, ρ̄, requires M = 20 replicas to con-
verge.

Figure 2 confirms the predicted behavior in which the
trivial and nontrivial topological states change with increasing
g, finding an emergent topological phase for 3.2 < g < 4.5.
Notice that, in this topological region, the zero-energy states
exhibit an almost zero time-averaged DOS for the replica
in the Floquet Brillouin zone (FBZ), which is the range of
quasienergies represented in the figure. The DOS is displaced
to Floquet replicas at higher energies, conserving the unitarity
of the integrated spectral density

∫
d�ρ̄(�) = 1. Further-

more, the DOS exhibits oscillatory behavior as g increases,
with an oscillation frequency that increases with energy. The
structure of the unitary transformation used suggests that these
oscillations can be traced back to the modulation of the wave

function expressed through the Bessel functions, which nat-
urally arise from the expansion of the time-periodic driving
field.

The next step is to confirm that, using the driving protocol,
the time-averaged DOS of the FBZ can be controlled when
a topologically nontrivial phase is induced via the driving
starting from a static trivial phase [see Figs. 3(a) and 3(b)]. In
Fig. 3(a) the evolution of the quasienegies as a function of g
are calculated for an SSH chain with b < 0.5a. In this case, the
topological phase (g > 4.9) shows zero-energy topological
states with almost zero DOS. On the other hand, a system
with b > 0.5a [Fig. 3(b)] shows zero-energy states with a
significant DOS and for lower values of g. This different
behavior in the DOS of the induced topological state is due
to the modulation rates of the hopping energies [see (16)]. In
the nondriven SSH chain, the bulk spectrum is invariant under
the exchange of w → v since the bulk dispersion is given by
E2(k) = v2 + w2 + 2vw cos k.

However, in the finite nondriven chain, the topological
phases are indeed characterized by the ratio of v/w such
that edge states are present only if |v/w| < 1, i.e., the finite
system has different phases under w → v. Similarly, in the
driven case, the bulk spectra is found to be equivalent between
Figs. 3(a) and 3(b). However, the driven finite system exhibits
different topological states when the two panels are compared.

The origin of this behavior lies in the parameter b. When
b/a < 0.5, the effective hopping amplitude that vanishes in
that electric field is the one proportional to w, while for
b/a > 0.5, it is the amplitude proportional to v that becomes
zero. Furthermore, as shown in Eq. (23), when b/a approaches
1, the condition v < w is satisfied at lower values of g, which
means that the system enters the topological phase for smaller
amplitudes of the driving field. This is most relevant since the
electric field amplitude is scaled by small quantities as the
lattice parameter a ∼ 1 nm and we are using high-frequency
lasers. As a result, the actual electric field amplitude cor-
responds to g × 109 V/m making it crucial to minimize g
to keep the required field strength experimentally feasible.
To conclude this section, it is worth stressing that while the
intracell dimer separation instantaneously breaks the chiral
symmetry when the ac electric field is applied, we have
shown that there are some amplitudes at which a nontrivial
topological phase exists and its associated edge states have a
significant time-averaged DOS.

IV. DRIVING BY ELECTRIC FIELD
WITH MODULATED AMPLITUDE

We extend now the analysis to amplitude modulated driv-
ing protocols, in which the amplitude of the driving field
varies over time. To establish a connection to practical re-
alizations, we focus on two relevant experimental scenarios:
a Gaussian pulse, and a periodic envelope laser pulse. One
strategy to tackle these problems is to employ the t − t ′ for-
malism [28,33–36], which introduces two separate timescales
for the envelope function and the faster oscillation. However,
this method cannot be applied when the amplitude modu-
lation is faster than the driving frequency, since it assumes
adiabatic driving conditions. In this work, we use the unitary
transformation (13), to overcome the limitations of the t − t ′
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FIG. 3. Quasienergy spectra within the off-resonant regime h̄�/w = 10, for the static trivial phase v/w = 1.1 with (a) b = 0.4a and
(b) b = 0.6a dimer separation. The other parameters and the color scales for the time-averaged DOS ρ̄ and the spectral localizer μ are as in
Fig. 2.

formalism and to propose an exact solution to the problem. In
this section, we particularize the general expression (15) for
the aforementioned driving protocols.

First, we define the function F (t ) = � E0 f (t )ξ (t ) where
f (t ) is the envelope function of the periodic driving ξ (t ) with
frequency �. Thus, the Hamiltonian (14) can be written as

H(t ) = v

N∑
�=1

|�〉〈�|
[

exp

(
−ig′

∫
F (t )dt

)
σ+ + H.c.

]

+ w

N∑
�=1

[
|� + 1〉〈�| exp

(
ig′′

∫
F (t )dt

)
σ+ + H.c.

]
,

(26)

where g′ and g′′ are the same as defined after Eq. (22). Typi-
cally, the envelope function will not be periodic or it will have
a different period to the driving. For this reason, the hopping
modifiers cannot be easily decomposed into a discrete Floquet
basis as it was in the static scenario, because they are now
time dependent. To address this problem, we decompose the
coefficients as an = ∫ T

0 an(t )dt , there T is the time period of
the driving T = 2π/� (or �− in the periodic envelope laser
pulse discussed in the following).

A. Gaussian pulse

One of the most common pulse shapes used in driving
experiments and measurements is the Gaussian envelope.
Consequently, it is natural to investigate how the system
behaves when the driving field is modulated by a Gaussian
envelope function. We describe it as

E (t ) = E0e−(t�)2
cos �t, (27)

with 1/� being proportional to the width of the pulse. Intro-
ducing dimensionless variables τ = �t , c = �/�, we get for
the modulation factor∫

F (t )dt =
√

πce−c2/4

2
Re

[
erf

(
τ

c
+ ic

2

)]
, (28)

with the error function defined as [61]

erf(z) = 2√
π

∫ z

0
e−ξ 2

dξ, (29)

where z is an arbitrary complex variable. As expected, in the
limit c → ∞, that is, � → 0, we recover the former results
for the constant-amplitude driving field.

The next step is substituting Eq. (28) into Eq. (26) and
using the definition of the Floquet-Fourier Hamiltonian (20)
to find the quasienergy spectrum and DOS. From Fig. 4 we
see that the effect of the Gaussian pulse is to lift the bulk de-
generacy at the points around g = 4 and g = 6.5 where one of
the hopping parameters became zero. This lifting results in a
spread of quasienergy levels, keeping the lowest-energy states
with higher time-averaged DOS and thereby facilitating the
occupation of subsequent topological states. However, we also
observe that as the pulse duration decreases, as shown in Fig. 4
(b), where � = 2 s−1, the spectra extend toward higher values
of g. In other words, the onset of the topological state is shifted
to larger effective electric field strengths. This behavior is
undesirable for practical experimental implementations as it
would require higher irradiation power, potentially leading to
sample damage.

B. Periodic envelope laser pulse

We now consider the driving-field configuration,

E (t ) = E0 f (t ) cos �t, (30)

where E0 is the maximum field amplitude, h̄� � w, v, and
f (t + T2) = f (t ), where ω = 2π/T2 is the frequency of the
periodically varying amplitude, which does not need to be
commensurate with the driving frequency. For instance, in the
case f (t ) = cos ωt we get

E (t ) = E0 cos(�t ) cos(ωt ), (31)

which corresponds to a superposition of two laser pulses of
equal amplitude producing a beating pattern of frequency
�− = � − ω and oscillatory frequency �+ = � + ω. Then,
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FIG. 4. Quasienergy spectrum within the off-resonant regime for the static trivial phase v/w = 1.1 with intracell dimer separation b/a =
0.6 for a Gaussian pulse with (a) � = 1 s−1 and (b) � = 2 s−1. The color scales represent the time-averaged DOS ρ̄ and the spectral localizer
μ as described in the caption of Fig. 2. The frequency of the electric field has been set to h̄�/w = 10. The inset shows the time-dependent
profile of the applied electric field, and the ticks in its x axis represent the integrating regions of Eq. (20).

the effective electric field can be written as

E (t ) = E0

2
(cos �+t + cos �−t ). (32)

So we can understand this modulation as the use of two
different harmonic waves for the driving, one for driving (fast
one) and the other for probe. The effective modulation of the
hopping now reads

∫
F (t )dt = �

2�+
sin �+t + �

2�−
sin �−t, (33)

and in the limit when ω ≈ 0 we have �+ ≈ �− ≈ � so that
we recover the situation previously discussed. Here, we can
use the Jacobi-Anger expansion to write the effective intracell

hopping modulation pv (t ) as

pv (t ) =
∞∑

m1=−∞
Jm1

(
−g′ �

�+

)
eim1�+t

×
∞∑

m2=−∞
Jm2

(
−g′ �

�−

)
eim2�−t , (34)

with the effective modulation of the intercell hopping pw(t )
being the same with the change g′ → g′′. As driving is now
composed of two distinct frequencies, the original driving
frequency � is no longer representative of the system’s pe-
riodicity [see Eq. (34)]. Therefore, in Eq. (20), we replace �

by �−, the lower of the two driving frequencies. This choice
is particularly relevant since selecting the lower frequency al-

FIG. 5. Quasienergy spectrum within the off-resonant regime for the static trivial phase v/w = 1.1 with intracell dimer separation b/a =
0.6 for a periodic envelope laser pulse with (a) h̄ω/w = 2 and (b) h̄ω/w = 5. The color scales represent the time-averaged DOS ρ̄ and the
spectral localizer μ as described in the caption of Fig. 2. The frequency of the electric field has been set to h̄�/w = 10. The inset shows the
time-dependent profile of the applied electric field.
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lows for a denser sampling of the time-dependent quasienergy
spectrum, thereby capturing features that would be missed
with a larger replica spacing such as that induced by �+.

The quasienergy spectra and the time-averaged DOS are
sketched in Fig. 5. When the envelope frequency ω is
small, the behavior resembles that of the Gaussian pulse:
The degeneracies around specific values of g are lifted, and
the spectrum is shifted to higher-field amplitudes. How-
ever, as ω increases and approaches the driving frequency
�, new degeneracies reappear in the spectrum and the
transition to topological states is achieved at lower values
of the effective light-matter coupling strength g. This in-
dicates a nontrivial interplay between the two timescales,
which could be exploited to obtain these unconventional Flo-
quet topological phases in the presence of dynamical chiral
symmetry-breaking interactions. Notably, these phases can
emerge under less intense effective radiation fields com-
pared to those required in the constant-amplitude driving
protocol.

V. CONCLUSIONS

In this work, we have analyzed the effect of an ac elec-
tric field applied to an SSH chain in the tuning of its
topological phase. To this end, we employed a Kramers-
Henneberger-like transformation, which effectively maps the
contributions from all Floquet replicas onto the first one.
We show that the system can be driven between the triv-
ial and topological phases by varying the amplitude of the
applied ac electric field. Furthermore, we demonstrated that
topological phases can persist even when the intracell dimer
separation is nonzero and the chiral symmetry is explic-
itly broken due to time-periodic perturbation. To induce
topological phases under realistic field strengths, larger in-
tracell dimer separations are shown to be advantageous.
It is worth noting that not all the topological states have
a significant time-averaged DOS at zero energy and dif-
ferent DOS configurations can be tuned with the external
driving. Although nonperiodic driving protocols have tradi-
tionally been analyzed using perturbation-based methods or
the Floquet t − t ′ formalism, our Kramers-Henneberger-like
transformation enables the treatment of arbitrary nonperiodic

dynamical effects without imposing constraints on the rate
of change and amplitudes of the perturbation. We have also
shown that Gaussian pulses shift the quasienergy spectrum
to higher electric field amplitudes and lift degeneracies in
the trivial energies, thereby enabling higher-field topologi-
cal states to show a significant DOS. In contrast, periodic
envelope modulations can shift the spectrum to lower-field
amplitudes when the envelope frequency approaches the driv-
ing frequency (ω ∼ �). Therefore, our results suggest that
the optimal configuration for experimental realization in-
volves an SSH chain with large intracell dimer separation
driven by a high-frequency electric field modulated with a
fast periodic envelope. However, it is important to highlight
that these conditions for finite sideband DOS of the zero-
energy topological states could be relevant for spectroscopy
observations through time-resolved and angle-resolved pho-
toemission spectroscopy as reported in Refs. [31,32,62,63].
On the other hand, there could be other configurations (e.g.,
the measurement of edge states through a transport setup)
where it might be desirable to have an unpopulated non
trivial energy state, as they could be detected via conduc-
tance peaks occurring at different values of the bias gate
voltage.
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