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Bose-Einstein Condensation
of atomic gases

• Bose occupation number ni =
1

e(εi−µ)/kBT − 1
→∞, for µ↗ ε0

• Critical point:
thermal deBroglie wave-length λT
exceeds particle distance: nλdT & 1

• Macroscopic occupation
of single-particle ground state Ψ(r)

[http://www.colorado.edu/physics/2000/bec/]

http://www.colorado.edu/physics/2000/bec/
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Optical disorder potentials
Laser speckle

σ

ξ

[Clément et al., NJP 8, 165 (2006)]
[R. Kuhn, PhD thesis, U Bayreuth (2007)]

• VkV−k′ = δkk′R̃(|k|σ)
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Bogoliubov Excitations
Accessible via Bragg spectroscopy

ξ

λ = 2π/q

• Excitation of γ̂q q

k -k1 2

• Detection Q

k -k1 2

[Vogels et al. (Ketterle group at MIT), PRL (2002)]



Introduction and Basics Disordered Condensate Quantum fluctuations Excitations and Disorder Condensate Depletion

Disordered Bogoliubov problem

σ

ξ

λ
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Many-body Hamiltonian and Bogoliubov approach

E[Ψ̂, Ψ̂†] =

∫
ddr Ψ̂†(r)

[−~2

2m
∇2 + V (r) +

g

2
Ψ̂†(r)Ψ̂(r)− µ

]
Ψ̂(r)

[
Ψ̂(r), Ψ̂(r′)†

]
= δ(r − r′), . . .

Bose-Einstein condensation

• Ideal BEC: condensation into single-particle ground state
⇒ Bose broken symmetry:

〈
Ψ̂(r)

〉
= Ψ(r)

Bogoliubov prescription

Ψ̂(r) = Ψ(r) + δψ̂(r)

• condensate density |Ψ(r)|2
• condensate depletion

〈
δψ̂†δψ̂

〉
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Gross-Pitaevskii mean-field Ψ̂(r) = Ψ(r) +��
��H

HHHδψ̂(r)

E[Ψ,Ψ∗] classical energy functional

δE

δΨ∗
= − ~2

2m
∇2Ψ(r) +

[
V (r) + g |Ψ(r)|2 − µ

]
Ψ(r) = 0

healing length ξ = ~√
2mgn0

σ

ξ

Ψ(x)2, V (x), σ � ξ
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Back to the fluctuations: Ψ̂(r) = Ψ(r) + δψ̂(r)

Expansion of the Hamiltonian (in powers of δψ̂)

E[Ψ + δψ̂, . . .] = E0 + 0 +

∫∫
ddr′ddr

{
δ2E

δΨδΨ′
δψ̂(r)δψ̂(r′) + . . .

}
︸ ︷︷ ︸

Ĥ

+ . . .

Density and phase

δn̂(r) = Ψ(r)
{
δψ̂(r) + δψ̂†(r)

}
, iΨ(r)δϕ̂(r) =

1

2

{
δψ̂(r)− δψ̂†(r)

}
[
δn̂(r), δϕ̂(r′)

]
= iδ(r − r′), . . .
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Excitation spectrum of the homogeneous BEC

Ĥ(0) =
∑
k

[
ε0
kn0δϕ̂kδϕ̂−k + (ε0

k + 2µ)
δn̂kδn̂−k

4n0

]
, ε0

k =
~2k2

2m

Ĥ(0) =
∑
k

εkγ̂
†
kγ̂k

εk =
√
ε0
k(2µ+ ε0

k)

γ̂k =

√
εk
ε0
k

δn̂k
2Ψ0

+ i

√
ε0
k

εk
Ψ0δϕ̂k

kξ
0 1 2 3 4
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εk = ck

εk = ε0k + µ

εk
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Condensate depletion
〈
δψ̂†δψ̂

〉
0

of the homogeneous BEC

• Bosonic excitations:[
γ̂k, γ̂

†
k′

]
= δkk′ γ̂k |0〉 = 0

• δψ̂k contains γ̂†−k as well:

δψ̂k =
1

2

{√
εk
ε0k

+
√

ε0k
εk

}
γ̂k +

1

2

{√
εk
ε0k
−
√

ε0k
εk

}
γ̂†−k

• Thus

δn(0)

n
=

〈
δψ̂†δψ̂

〉
0

|Ψ2| =
1

4

∫
ddk

(2π)d

{√
εk
ε0k
−
√

ε0k
εk

}2
3D
=

8

3
√
π

√
na3

s

• Condensate depletion scales with the dilute-gas parameter
√
na3

s
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Inhomogeneous Bogoliubov Hamiltonian

V (r)→ Ψ(r)→ Scattering

Ĥ[γ̂, γ̂†] =
∑
k

εkγ̂
†
kγ̂k +

1

2

∑
k,k′

(
γ̂†k′ , γ̂−k′

)(
Wk′k Yk′k
Yk′k Wk′k

)(
γ̂k
γ̂†−k

)
︸ ︷︷ ︸

=: 1
2 Γ̂†V Γ̂

• Normal scattering Wk′k ∼ Vk′−k
[CG & C.A. Müller, EPL 83, 10006 (2008)]

−k +k

−k

+k

+θ0

−θ0
k0

0

• Anomalous coupling Yk′k

→ Nambu notation: Γ̂k =

(
γ̂k
γ̂†−k

)
• Expansion (in powers of V/µ)

V = V(1) + V(2) + V(3) + . . .

= ~ + ~~ + ~~~ + . . .
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Disorder-averaged excitation spectrum

Retarded Green function

Gkk′(t) :=
1

i~

〈(
[γ̂k(t), γ̂†k′(0)] [γ̂−k(t), γ̂k′(0)]

[γ̂†−k(t), γ̂†k′(0)] [γ̂†k(t), γ̂k′(0)]

)〉
Θ(t)

Equation of motion{(
1 0
0 −1

)
i~

d

dt
− [H0 + V]

}
G = 1, (H0)k′k = εkδk′k

Homogeneous Green function

G0(ω) =

(
G0(ω) 0

0 G∗0(−ω)

)
, G0(ω) =

1

~ω − εk + i0

Disorder expansion

G = G0 + G0VG0 + G0VG0VG0 + . . .
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Disorder-averaged effective medium

G = G0 + G0VG0 + G0VG0VG0 + . . .

= + ~ + ~~ + ~ ~ +O(V 3)

Disorder average:

G = + 0 + ~~ + ~ ~ +O(V 3)

Sum over disorder correlator ~ ~q = |Vq|2

Self-energy Σ(2) = ~~ + ~ ~

~ω = εk + Σ
(2)
11 (k, ω)

• Renormalized dispersion relation ~ω = εk + ReΣ

• Finite mean free path (kls)
−1 ∝ |ImΣ|
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Mean free path ls
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V 2
0

k
1/σ1/ξ

d = 1, d = 2, d = 3

• Diverging mean free path for both low and high energy excitations
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Renormalized speed of sound

kξ
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Renormalized speed of sound (k → 0)
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cv2

∆c

cv2

∆c
c d = 1 d = 2 d = 3

σ � ξ − 1
2v

2 − 1
4v

2 − 1
6v

2

σ � ξ − 3
16
√

2
r1 0 + 5

48
√

2π
r3

v2 = lim
r→0

V (r)V (0)/µ2

rd = lim
k→0
|Vk|2/µ2 ∝ v2σ

d

ξd
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Condensate depletion due to disorder

Non-condensed density δn := L−d
∫

ddr
〈
δΨ̂(r)†δΨ̂(r)

〉
• Express δΨ̂(r) in terms of δn̂k and δϕ̂k, then in terms of γ̂k′ and γ̂

†
k′

• Then [with ň(r) = 1/n(r)]

δn =
1

4nLd

∑
k,k′

{[
akak′ ňk′−k +

nk′−k
akak′

] 〈
γ̂kγ̂

†
k′ + γ̂†k′ γ̂k

〉
+

[
akak′ ňk′−k −

nk′−k
akak′

] 〈
γ̂kγ̂−k′ + γ̂†k′ γ̂

†
−k
〉
− 2δkk′

}
, ak =

√
ε0
k

εk

• Compute nq and ňq (perturbatively) from Gross-Pitaevskii equation

• Compute
〈
γ̂†k′ γ̂k

〉
etc.〈

γ̂†k′ γ̂k
〉

= − lim
τ→0−

[
−
〈
Tτ γ̂k(τ)γ̂†k′(0)

〉]
using Matsubara-Green functions and standard techniques

• Disorder average
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Condensate depletion due to disorder

δn(2) =

∫
ddq

(2π)d
|Vq|2

∫
ddk

(2π)d
F (k, q, θ)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.1

0.2

0.3

0.4 d = 3

d = 2

d = 1

ζ = σ/ξ

∆(ζ)
δn(2)

δn(0)v2

δn(2)(ζ)
δn(0) d = 1 d = 2 d = 3

σ � ξ − 1
8v

2 0 3
8v

2

σ � ξ 0.235 r1 0.135 r2 0.160 r3

v2 = lim
r→0

V (r)V (0)/µ2

rd = lim
k→0
|Vk|2/µ2 ∝ v2σ

d

ξd
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Conclusions

σ

ξ

λ

Ĥ = Ĥ0 +
1

2
Γ̂†VΓ̂

Σ(2) = ~ ~ + ~~

Main results

• kls � 1, speed of sound meaningful

• renormalization of speed of sound ∆c

• true quantum depletion〈
δψ̂†δψ̂

〉
disorder

• arbitrary disorder correlation

• arbitrary dimension

Read more:

• CG & C.A. Müller,
arxiv:1009.5448 (letter),
arxiv:1101.4781 (regular article)



Thanks

Cord A. Müller
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