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Outline

QED←→ Stat Phys

» Casimir in quantum electrodynamics (QED)

» Casimir in stat. phys. / critical phenomena leadsto
universality

» Indirect & direct measurement of critical Casimir forces

» Applications in soft matter
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H. B. G. Casimir (1909 – 2000)
“On the attraction between two perfectly conducting plates”
Proc. Kon. Nederland. Akad. Wetensch. B51, 793 (1948)

 Casimir effect
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Casimir in QED

Plates ⇒ E‖,B⊥ = 0, Boundary conditions!

k‖

k⊥

S

L L

 allowed modes:

k⊥ =
πn
L

, n = 1, 2, . . .

QED: E =
∑

modes

1

2
~c|k|modes

c = speed of light
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Casimir in QED

Plates ⇒ E‖,B⊥ = 0, Boundary conditions!

k‖

k⊥

S

L L

 allowed modes:

k⊥ =
πn
L

, n = 1, 2, . . .

QED: E =
∑

modes

1

2
~c|k|modes

c = speed of light

E = Ebulk + E
(L+R)
surf + S

~c

L3

[

−
π2

1440
+ O((κL)−2)

]

∼ SL1 ∼ SL0 ECas ∼ SL−3
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Casimir in QED: “Measurement”

L
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Casimir in QED: “Measurement”

δLL

Fbulk

Fbulk + FCas

force ≡ −
δE

δL
= Fbulk + FCas

FCas

S
= −

π2

480
~c
L4 for L ≫ κ−1 Universal!

Q: κ−1 =?? cκ ≃ ωp ≃ 3 · 1015Hz (Cu)
 κ−1 ≃ 0.3µm
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Casimir in QED: “Measurement”

δLL

Fbulk

Fbulk + FCas

force ≡ −
δE

δL
= Fbulk + FCas

FCas

S
= −

π2

480
~c
L4 for L ≫ κ−1 Universal!

Q: κ−1 =?? cκ ≃ ωp ≃ 3 · 1015Hz (Cu)
 κ−1 ≃ 0.3µm

Exp: Sparnaay (1958)

Lamoreaux PRL 78, 5 (1997)

Bressi et al. PRL 88, 041804 (2002) 0.5µm . L . 6µm

Revs.: Lamoreaux, Physics Today, Feb 2007
Ball, Nature 447, 772 (2007)
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M. E. Fisher and P.-G. de Gennes
“Phenomena at the walls in a critical binary mixture”

C. R. Acad. Sc. Paris B287, 207 (1978)

 Casimir-like effect in Stat Phys
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Binary mixtures & Critical points (reminder)
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0 1cA,c

cA

mixed

T

demixed

B

A

Tc

CP

A/B mixture
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Binary mixtures & Critical points (reminder)
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0 1cA,c

cA

mixed

T

demixed

B

A

Tc

CP

A/B mixture

Order param. φ(x) ≡ cA(x)− cA,c: 〈φ(x)φ(y)〉 ∼ e−|x−y|/ξ

CP : ξ ր∞ for (T , cA) → (Tc , cA,c)
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Casimir: QED vs. Stat Phys

QED

fluctuating quant.: E, B

excitation: Quantum
~c (T = 0)

range of fluct.: ∞

⇓

Confinement
⇓

Long-range force
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Casimir: QED vs. Stat Phys

QED Stat Phys

fluctuating quant.: E, B Order param. φ

excitation: Quantum Thermal (classical)
~c (T = 0) kBT (~ = 0)

range of fluct.: ∞ finite: ξ
ξ ր∞ at CP!

⇓ ⇓

Confinement
⇓ ⇓

Long-range force Range: ξ

Long-range at CP!
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Critical Phenomena: Confined systems

S × L
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: critical medium: – 4He, 4He/3He

– binary liquid mixt.
– Bose gas
– liquid crystals
– . . . . . .
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Critical Phenomena: Confined systems

S × L
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: critical medium: – 4He, 4He/3He

– binary liquid mixt.
– Bose gas
– liquid crystals
– . . . . . .

cA = cA,c ; L, ξ ≫ ℓmicr
ξ ∼ ξ0|(T − Tc)/Tc|

−ν ր ∞

F = Fbulk + F
(L+R)
surf + S

kBT

L2
Θ‖ (L/ξ) + . . .
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Critical Phenomena: Confined systems

S × L
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: critical medium: – 4He, 4He/3He

– binary liquid mixt.
– Bose gas
– liquid crystals
– . . . . . .

cA = cA,c ; L, ξ ≫ ℓmicr
ξ ∼ ξ0|(T − Tc)/Tc|

−ν ր ∞

F = Fbulk + F
(L+R)
surf + S

kBT

L2
Θ‖ (L/ξ) + . . .
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L

Fbulk

Fbulk + FCas

force = −
δF

δL
= Fbulk + FCas

FCas

S
=

kBT
L3 ϑ‖(L/ξ) for L, ξ ≫ ℓmicr

gross features =⇒ Universality!
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How large is the Casimir force?

S

L

S = 1 cm2

L = 1 µm

QED Stat Phys
T = 0 T ≃ 300 K

force ∼ ~c/L4 ∼ 10−7N force ∼ kBT/L3 ∼ 0.2 · 10−7N
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Wetting films indirect!
[Krech&Dietrich PRA’92; Nightingale&Indekeu PRL’85]

liq
sol

gas

T0

P0 P

L
T0

P0
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T0 vapor

liquid
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Wetting films indirect!
[Krech&Dietrich PRA’92; Nightingale&Indekeu PRL’85]
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Wetting films indirect!
[Krech&Dietrich PRA’92; Nightingale&Indekeu PRL’85]

T0 vapor

liquid L

T0

vapor

T

P

sol
B

T0

P0

T

P

liq
sol

gas

T

L

gasA

TA TBTA TB

liqliq
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≃ Tcep

liquid

vapor
A B FCas
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4He
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4He

2.17K
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4He films & XY univ. class

norm/superfl
universality
←→ XY Model x⊥

φ

0
L0

su liq va

DD
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4He films & XY univ. class

norm/superfl
universality
←→ XY Model x⊥

φ

0
L0

su liq va

DD

−1.6

−1.2

−0.8

−0.4

 0

−15 −10 −5  0

L=10

L=15

L=20

ϑ
‖

DD

x

Monte Carlo sim.:
x = (T/Tλ − 1)(L/ξ0)

1/ν ν ≃ 0.66
[Vasilyev, Gambassi,Maciołek&Dietrich EPL’07; PRE’09]

[Hucht PRL’07; Hasenbusch > ’09]
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4He films & XY univ. class

x⊥

φ

0
L0

su liq va

DD

−1.6

−1.2

−0.8

−0.4

 0

−15 −10 −5  0

L=10

L=15

L=20

ϑ
‖

DD

x

Monte Carlo sim.:
x = (T/Tλ − 1)(L/ξ0)

1/ν ν ≃ 0.66
[Vasilyev, Gambassi,Maciołek&Dietrich EPL’07; PRE’09]

[Hucht PRL’07; Hasenbusch > ’09]
exp:
[Garcia&Chan PRL’99]
[Ganshin,Scheidemantel,Garcia&Chan PRL’06]

Tλ = 2.18K
L ≃ 200..300Å

L

vapor

Cu

4He liquid

Features: shape [Zandi,Shackell,Rudnick,Kardar,Chayes , PRE’07]
[Maciołek, Gambassi &Dietrich PRE’07]

low-T plateau [Zandi,Rudnick,Kardar PRL’04]

Andrea Gambassi The universal force of critical fluctuations



4He films & XY univ. class

x⊥

φ

0
L0

su liq va

DD
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−0.8

−0.4
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ϑ
‖

DD

x

exp

Monte Carlo sim.:
x = (T/Tλ − 1)(L/ξ0)

1/ν ν ≃ 0.66
[Vasilyev, Gambassi,Maciołek&Dietrich EPL’07; PRE’09]

[Hucht PRL’07; Hasenbusch > ’09]
exp:
[Garcia&Chan PRL’99]
[Ganshin,Scheidemantel,Garcia&Chan PRL’06]

Tλ = 2.18K
L ≃ 200..300Å

L

vapor

Cu

4He liquid

Features: shape [Zandi,Shackell,Rudnick,Kardar,Chayes , PRE’07]
[Maciołek, Gambassi &Dietrich PRE’07]

low-T plateau [Zandi,Rudnick,Kardar PRL’04]
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Binary liquid mixtures & Ising univ. class

mixing trans.
universality
←→ Ising model x⊥

φ

x⊥

φ

−

0 0
L L0 0

su liq va su liq va

+ + +
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Binary liquid mixtures & Ising univ. class

mixing trans.
universality
←→ Ising model x⊥

φ

x⊥

φ

−

0 0
L L0 0

su liq va su liq va

+ + +

MC sim.: x = (1 − T/Tc)(L/ξ0)
1/ν, ν ≃ 0.63 [Vasilyev, Gambassi,Maciołek&Dietrich EPL’07; PRE’09]

[Hasenbusch ’09,’10]
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Binary liquid mixtures & Ising univ. class

mixing trans.
universality
←→ Ising model x⊥

φ

x⊥

φ

−

0 0
L L0 0

su liq va su liq va

+ + +

MC sim.: x = (1 − T/Tc)(L/ξ0)
1/ν, ν ≃ 0.63 [Vasilyev, Gambassi,Maciołek&Dietrich EPL’07; PRE’09]

[Hasenbusch ’09,’10]
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exp

exp: [Rafaï,Bonn&Meunier Physica A’07]
Si substr.

[++] nonane-methanol
[+−] heptane-methanol

L

SiO2

vapor

MC-PF liquid
PF

MC

exp: [Fukuto,Yano&Pershan PRL’05]
MC = methylcyclohexane

PF = perfluoroMC
Tc = 42.6◦C

xc (PF) = 0.36 molar fr.
L ≃ 100Å
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From films to colloids. . .

S

L

FCasfilm FCas= kBT
S
L3ϑ‖(L/ξ)

curved

R

z

FCas
sphere (colloid) R ≫ z: FCas= kBT

R
z2ϑ|◦(z/ξ)

ϑ‖  ϑ|◦
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fN dynamometer: TIRM

Total Internal Reflection Microscopy (1 fN = 10−15N): Cavendish ≃ 1.4 · 10−7N
AFM ≃ 10−12N
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fN dynamometer: TIRM

Total Internal Reflection Microscopy (1 fN = 10−15N): Cavendish ≃ 1.4 · 10−7N
AFM ≃ 10−12N
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z
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Experimental setup

C.Hertlein, L.Helden, A.Gambassi, S.Dietrich, and C.Bechinger,
Nature 451, 172 (2008)
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Casimir force on a colloid direct!
water + 2,6-lutidine

cL mass fract.
φ(x) ≡ cL(x)− cc

L

coexistence
two-phase

0
300
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]
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45

40

35

30

Tc
(L)CP
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L

UCP

cL cL

mixed
LCP
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Casimir force on a colloid direct!
water + 2,6-lutidine

cL mass fract.
φ(x) ≡ cL(x)− cc

L

coexistence
two-phase
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R = 1.2µm

W
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z [ m]

[k
BT]

  TC-T [K]
 0.30
 0.21
 0.19
 0.18
 0.16
 0.14
 0.12

a)

ATTRACTIVE

FCas≃ 600fN

[Hertlein,Helden, Gambassi, Dietrich&Bechinger, Nature ’08]
[Gambassi,Maciołek,Hertlein,Nellen,Helden,Bechinger &Dietrich, PRE’09]
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Casimir force on a colloid direct!
water + 2,6-lutidine

cL mass fract.
φ(x) ≡ cL(x)− cc
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b)

REPULSIVE

[Hertlein,Helden, Gambassi, Dietrich&Bechinger, Nature ’08]
[Gambassi,Maciołek,Hertlein,Nellen,Helden,Bechinger &Dietrich, PRE’09]
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Tricritical Casimir effect

EXP: [Garcia&Chan PRL’02]
TH: [Maciołek&Dietrich EPL’06]

TH: [Maciołek,Gambassi&Dietrich PRE’07]

3He-4He liquid mixture

0 0.2 0.4 0.6 0.8 1

0.4

0.8

1.2

1.6

2.0

Normal fl.

Superfl.
TCP

Crit. line

T[K]

numb. frac. 3He

two−phase region
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» Inhomogeneous surf.s (chem/topog)

S− S+

F⊥

L

-1

0

1
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3

0 1 2 3
v = S−/S+
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ph
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−
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S +
,S

+
/

L
)/

∣ ∣

1 3
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T = Tc

ad
ditiv

e

full MFT

(4v−1)/(1+ v)

S+/L = 1/2

S+/L = 1/4

S+/L = 1/8

MFT:[Sprenger,Schlesener&Dietrich JCP’06]
MC: [Parisen Toldin&Dietrich’10]

L L

S+

F⊥

L

S− S+ S−
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» Inhomogeneous surf.s (chem/topog)

S− S+
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MFT:[Sprenger,Schlesener&Dietrich JCP’06]
MC: [Parisen Toldin&Dietrich’10]
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MFT:[Tröndle,Harnau&Dietrich JCP’08]
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[Soyka,Zvyagolskaya,Hertlein,Helden&Bechinger PRL’08 ]
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[Soyka,Zvyagolskaya,Hertlein,Helden&Bechinger PRL’08 ]

ρ(x) ∝ exp(−V̂ (x))

x [µm]

∆T [K]
δV̂

[k
B
T

]

0.64
0.33
0.29
0.27
0.25
0.23-4

-3

-2

-1

0

-1 0 1 2 3 4

(+)(−) (−)(+)EXP: [Soyka,Zvyagolskaya,Hertlein,Helden,Bechinger PR L’08]
(focused ion beam)

TH: [Tröndle,Kondrat,Gambassi,Harnau&Dietrich EPL’09, JChemPhys’10]
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EXP: [Vogt, diploma thesis ’09]
(microcontact printing)

TH+EXP: [Tröndle,Zvyagolskaya,Gambassi,Vogt,Harnau,B echinger,&Dietrich,MolPhys’11]

∆T [K]

x [µm]

δ V̂
[k

B
T

]

0.175
0.16
0.145
0.13
0.115
0.1

-5

-4

-3

-2

-1

0

-1 0 1 2 3

(+) (−) (−) (+)
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» Critical Casimir levitation

λ =L1/P

Π =P/
√

RD

Ξ=X/
√

RD

∆=D/R

Θ=sign(t)D/ξ±

X
=

0

x=X
x

D

P

L1

R

lateral equilib.: X = 0
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» Critical Casimir levitation

λ =L1/P

Π =P/
√

RD

Ξ=X/
√

RD

∆=D/R

Θ=sign(t)D/ξ±

X
=

0

x=X
x

D

P

L1

R

lateral equilib.: X = 0

[Tröndle,Kondrat,Gambassi,Harnau&Dietrich JCP’10]

Mini-review: [Gambassi&Dietrich, Soft Matter’11]

T = Tc : no stable levitation

δDmin/δT > 200 nm/K
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R = 1.35µm, P = 1µm, λ = 0.4
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» Crossover / adsorption gradient

EXP: [Nellen,Helden,Bechinger EPL’09]

hydrophobic −→ hydrophilic

» Critical Casimir torque MFT:[Kondrat,Harnau&Dietrich JCP’09]
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» Eq./Non-eq. dynamics [Gambassi&Dietrich JSP’06]
[Gambassi EPJB’08]

∼Lβ/νφm̄
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Different fluctuating media....

» Fluid interfaces... [Oettel et al. > ’05]

=
mean field

fixed fixed

+

» Membranes... [Fournier et al. > ’03]

» Granular media... [Brito et al. > ’06]
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Agenda

» Complex colloids
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Agenda

» Complex colloids

» Many-body effects
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» Flocculation/aggregation
[Beysens et al > ’85]
[Gallagher, Maher et al > ’92]
[Narayanan, Wegdam et al ’08]

l

lmin
≃
R

lmin≃ξ

Vmin/(kBT ) :

lmin≃ℓD

V

l

V

V
l

V l

l

V l

V

−0.1

−10

ξ=
ℓD

ξ∗c
0
0 84 12

4

8

ℓ D
[n
m
]

12

ξ [nm]

−3

EXP: [Bonn et al PRL’09]
TH: [Gambassi&Dietrich,’10]

Binary mixture 7→ solvent + surfactant
(depletion) EXP+TH [Buzzaccaro,Colombo,Parola&Piazza,PRL’10]
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» Salty mixtures EXP: [Nellen,Dietrich,Helden,Chodankar,Nygard,van der Veen,&Bechinger’11] TIRM, SAXS, SPR

W

L

KBr

+− : attraction!
[Maciołek & Ciach, PRE’10]

[Bier,Gambassi,Oettel&Dietrich EPL’11]
[Pousaneh & Ciach, JPCM’11; Samin & Tsori’12]
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