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Abstract

Itis widely admitted that the helical conformation of certain chiral molecules may induce a sizable
spin selectivity observed in experiments. Spin selectivity arises as a result of the interplay between a
helicity-induced spin—orbit coupling (SOC) and electric dipole fields in the molecule. From the
theoretical point of view, different phenomena might affect the spin dynamics in helical molecules,
such as quantum dephasing, dissipation and the role of metallic contacts. With a few exceptions,
previous studies usually neglect the local deformation of the molecule about the carrier, but this
assumption seems unrealistic to describe charge transport in molecular systems. We introduce an
effective model describing the electron spin dynamics in a deformable helical molecule with weak
SOC. We find that the electron—lattice interaction allows the formation of stable solitons such as bright
solitons with well defined spin projection onto the molecule axis. We present a thorough study of
these bright solitons and analyze their possible impact on the spin dynamics in deformable helical
molecules.

1. Introduction

Manipulation and control of the electron spin degree of freedom in nanoscale materials lies at the very core of
spintronics. Among the large variety of materials with technological interest in this field, organic systems are
gaining significance as active components in spintronics nanodevices. Although large spin—orbit

coupling (SOC) is uncommon in carbon-based materials, recent experiments on electron transport have
brought with them a considerable effort to uncover the origin of the observed high spin selectivity in DNA [1, 2]
and bacteriorhodopsin on non-magnetic metallic substrates [3]. As a working hypothesis, it has been suggested
that spin selectivity may be related to the specific geometric structure of the involved molecular systems, namely
their helical conformation [2]. A number of theoretical models have been put forward to explain the observed
spin selectivity in helical molecules. Usually they rely on large SOC [4—12], the need for dephasing when SOC is
weak [13, 14], the leakage of electrons from the molecule to the environment [15], the role of the bonding of the
molecule to the metallic leads that enhance the effect [ 16, 17], or the interplay between a helicity-induced SOC
and a strong dipole electric field, which is characteristic of these molecules [18] (see [19, 20] for a recent review).
Theoretical models usually assume rigid lattices and neglect the local deformation of the molecule about the
carrier. However, this assumption seems unrealistic to describe charge transport in molecular systems like DNA
[21]. It is worth mentioning that theoretical models have taken into account the effects of molecular
deformation only very recently [22, 23].

Depending on the various energy scales involved (electron bandwidth, zero-point energy of molecular
vibrations, thermal energy), lattice deformation can play a significant role on transport properties. This is
particularly relevant when charge carriers interact with intramolecular modes that occur at high frequency due
to the stretching of stiff covalent bonds. Coupling to those modes may strongly alter charge transport [24] and
even lead to self-trapping of carriers, provided that the relaxation energy (the energy gained upon the
deformation of the lattice about the carrier) exceeds the bandwidth [25]. Self-trapping has been commonly
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Figure 1. (a) Dipole moment of a peptide unit in an a-helix, according to Hol [35]. (b) Schematic view of the arrangement of the
peptide dipoles d,, = de,, aligned along the molecule axis. The dipoles shown here span a length along the Z axis equal to the molecule
pitch b.

formulated within the framework of the small polaron theory based on alocal Holstein-type coupling [26]
between the carrier and the intramolecular mode. This model was later extended by Peyrard and Bishop to study
the ac response of a DNA molecule, where the charge in the 7-stack interacts with the base-pair opening
dynamics of the double strand [27-30]. In a recent paper, Behnia et al. have studied the impact of the base-pair
opening on the spin selectivity in DNA by using a generalization of the Peyrard—Bishop—Holstein [22].

Davydov’s soliton theory of charge and energy transfer in a-helix and acetanilide provides another
paradigmatic example on how the interaction of carriers and vibrational degrees of freedom can induce self-
trapping phenomena [31]. Starting from a Frélich-like Hamiltonian [32] and assuming the adiabatic
approximation, Davydov put forward a soliton theory of long-range energy transfer of excitations interacting
with intramolecular vibrational modes in a quasi-one-dimensional lattice. In the adiabatic approximation, the
continuous limit of the Davydov’s equations reduce to the nonlinear Schrédinger (NLS) equation for the
elementary excitations.

Inspired by the success of the Davydov’s approach, in this work we introduce an effective self-focusing
nonlinear model describing the dynamics of a single charge carrier in the electrostatic potential created by a
helical arrangement of dipoles. The proposal generalizes the linear model formerly introduced by Gutiérrez et al.
considering spin-selective transport of electrons through a helically shaped electrostatic potential [6]. This
model has been recently revisited and extended to study the coherent spin dynamics in helical molecules [11].
The strong interaction with the lattice vibrations will be addressed by adding a nonlinear term to the Schrédinger
equation within the adiabatic approximation [33]. The resulting equation turns out to be integrable, thus
allowing us to obtain a family of bright solitons describing the coherent spin dynamics in deformable helical
molecules.

2. Electron spin dynamics in a rigid helical molecule

Following [11], we start out by revisiting and amending the model introduced in [6]. Two main factors
determine the high spin selectivity found: an unconventional Rashba-like SOC, reflecting the helical symmetry
of molecules, and a weakly dispersive electronic band. a-helix in the secondary structure of proteins and other
macromolecules present a net dipole moment along the helix axis due to the helical arrangement of peptide
dipoles [34]. In an a-helix, the peptide dipoles are aligned in such a way that about 97% of the peptide dipole
moments point in the direction of the helix axis [35] (see figure 1(a)). Therefore, a-helices can be regarded as
macrodipoles, having a total dipole moment of the order of 3.5N Debye (N is the number of residues), pointing
from the negative C-terminus to the positive N-terminus of the helix (see [36] and references therein). The
magnitude of the electric dipole of the molecule is not a fixed value but depends on the molecular conformation
and on itslocal environment. For instance, hydrogen bonds can yield a significant enhancement of the dipole
moments, as pointed by Hol [35].
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We thus consider the electron motion through a very long helical arrangement of peptide dipoles directed
along the Z axis, as shown schematically in figure 1(b). The dipoles are located at r,, = nAz €, + a p,, abeing
the radius of the molecule, and their dipole moments are d, = d é,. Here, we have used cylindrical coordinates
with p, = (cos ¢, sin¢,, 0),and ¢, = 2w n/N,; + 7, being N, the number of dipoles per turn. The orientation
of the individual dipoles does not affect much the results, provided they are arranged helically and parallel to
each other[11].

The electric field generated by the dipoles aligned along the molecule axis reads

B =— % [3 L P]’ Q)

Y |r — 1, |r —r,

We will constrain the electron motion along the Z axis the position vector theis r = z €,. Thus, we get the
following components of the electric field (1) in the XY plane

3ad & (z — nAz)cos p,
>

Ex(z) =~ [az +(z—n AZ)Z]S/Z >

Amey 2o

3ad & (z — nAz)sing,

E,(z)=— . 2
)'( ) 47('60 nzz_oo [612 4 (Z —n AZ)Z]S/Z ( )
The transverse components of the electric field are needed to evaluate £(z) = —iE.(z) — E,(z) (see[12] for
further details). From equation (2) we obtain
C3ad & (z — n Az) e /N
£ = —i 224 3o ) 3

dmey = [a> + (z — n Az)2P/2

For further estimations, notice that typical values are N; ~ 10 dipoles per turn in DNA or N; ~ 5in a-helix. In
thelimit N; > 1, equation (3) can be approximated by the formal substitution >, — (b / Az) f du,u = (z
—nA z)/bbeing the dummy variable

00 (z—n AZ) e~ 12m(z—nAz) /b 1 00 u el2mu
> ~ f dy —— . 4)
iy [a2 +(z—n Az)2]5/2 b3Az J_o (u2 4 az/b2)5/2
After performing the integration we obtain the magnitude £(z) needed to calculate the SOC
5(2) — 2md K1(27m/b) e i2mz/b — & efi27rz/b, (5)
€o sz

where K| is the modified Bessel function of the second kind.

The SOC Hamiltonian stems from the classical formula o - (p x E), symmetrized such that the
Hamiltonian is Hermitian. Here o is a vector whose components are the Pauli matrices oy, 7, and 0. For
P = p, &, the SOC Hamiltonian simplifies to

— Al (0 f 0 £@)-
o= 3[pz(5*<z> 0 )*(5*@ 0 )pz]’ ©

where \ = efi/(2mc)?. The electron Hamiltonian H = ﬁzz / 2m + Hyo can be castin the form H = E,H

where the dimensionless Hamiltonian H reads
H= 782 — 27y M. (7a)

Here we have defined E, = 1?/2mb?,& = z/b, 0 = /0§ and the dimensionless spin—orbit parameter
v = hAEy/(2mbE,). The matrix operator M is given by

— 0 ei2ng i8§ -7 0
M = . 7b
(eu’rf 0 )[ 0 iag + 7T] (76)

The dimensionless Hamiltonian (7) is readily diagonalized since it commutes with the helical operator
g = p, + mo,. The corresponding normalized eigenfunctions and eigenenergies are

B1(s) ei@me
qu(f) = (Bj(s) ei(‘ﬁ'ﬂ)f > 5‘15 = q2 + ’]'('2 — SqOZ, (8)
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where o = 2m,/1 + 7%, s = &1and

B9 = (1 + 9cos6 + (1 = )sin ),
B(s) :% [(1 — s)cosp — (1 + s)sin @], ©)

satisfying ﬂ%(s) + ﬂf(s) = l,and
Y

e (10)
1+ 1472

tang =
Notice that the helical conformation of the electric dipoles gives rise to an the additional effective momentum
g, = smy1 4+ ~? evenin the absence of SOC. Previous studies report on this fact as having an impact on the
linear optical response as well [37].
Once the eigenvectors of the Hamiltonian (7a) have been obtained, we focus on the dynamics of an electron
wave packet of the form

> dq —ie
X 1) = me L Cox(© e, (11a)
where time is expressed in units of /i/Ej, and
Co= [ dEXL© - x(& 0. (116)

Our magnitude of interest will be the time-dependent spin projection onto the molecule axis, also referred as
helicity, which is calculated as follows

e = [ dex'& 0ox (@ 0= [ TLIC AP ~ 1C,P)cos2o)
+ 25in(2¢)Re (Cj; ;| Cy, e Car1 =201, (12)

Consider an initial wave packet with an arbitrary state of helicity x (£, 0) = f(§)[cos(@)u; + e'¥sin(0)u],
where f(€) is an arbitrary bell-shaped function of dimensionless width W. Here u, witho = 1, | denotes an
eigenvector of o, and the spin projection is defined by the angle . For the sake of concreteness we set o = 0 and
we refer to as fully polarized or fully unpolarized state when the spin is parallel to (¢ = 0, 7/2) or out of (§ = 7/4,
37/4) the molecular axis. After a straightforward calculation one can obtain a closed expression for SP(#) that has
atransient contribution which vanishes at large times t > W / (4m4/1 + ~?2). Atransient time of t ~ 40 fs is
roughly estimated for a highlylocalized initial state with W ~ 1 passing through a DNA molecule with a SOC
parameter of the order of ¥ ~ 0.1. Thus, after a quick transient state, the spin projection reaches the asymptotic
value given as SP,, = SP(t — 00), where

1 . e
By = - e [cos(29) — ~sin(26) [ e If©F cos(27r§)]. (13)

Notice that if we consider an initial fully polarized state with = 0 (0 = 7/2) namely with spin parallel
(antiparallel) to the molecule axis, the larger the SOC parameter, the smaller the asymptotic spin projection, as
expected.

In experiments, however, an initially unpolarized current becomes spin polarized after being transmitted
through the helical molecule. Therefore, our case of interest is an initial fully unpolarized wave packet with spin
projection out of the molecule axis, i.e. along the X axis such as x (&, 0) = f ()(—u; + u) / V2 .Letushavea
deeper look at this particular case, for which the coefficients (11b) read

Cor1= % [COS¢£0; d¢ f(&)e ia-mE Sin¢£0; d¢ f(g)efi(qufr)g]’
Cp1= % [sinqﬁfjc d¢ f (e ia-me 4 COS¢LO; d¢ f(g)efi(quw)E:I’ (14)

which leads to the following expression for SP(¢)

sp) =~ [ a0 cosan) — vel e [ dpop e + ane]

+ sin (2¢)? sin(rat) Im [foo dé FOF*(€ + at)]. (15)

Notice that the last two integral involves the overlap of f(§) and f*(£ + «at) and consequently vanish when
t > W/a. Therefore, at times larger than W/« the spin projection reaches a steady value, corresponding to the

4
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time-independent term in equation (15). In this case, the asymptotic spin projection has a non-monotonous
dependence on the magnitude of the SOC parameter and the time-independent integral approaches unity for a
narrow wave packet. The asymptotic spin projection along the molecule axis becomes

sin(4g) _ 7

SP: >
Shel = S =

(16)

in agreement with Eq. (13). Therefore, the SOC rotates the electron spin and, after a quick transient, the spin
projection along the molecule axis becomes nonzero.

3. Electron spin dynamics in a deformable helical molecule

In order to describe a deformable helical molecule where electron dynamics is affected by the lattice vibrations,
we will assume that dipoles vibrate along the molecule axis independently of each other. The potential energy of
an electron at position r = ré, in the electric field created by the nth dipole is

ed z— zy

‘/ﬂ zZ) = — >
® dmeg [a® + (z — z,)*P/?

17)

where z, = nA z + u,. After a Taylor expansion in the small displacement u,, from equilibrium and keeping up
to the first order term, we get V,(z) ~ V(z) + 6V, (z). The potential energy V. (z) corresponds to the electron
interaction with the dipole at equilibrium, as discussed in the previous section. The first order correction is given
as

BVh2) = — 2 J(Z ”Az)um (18)

4mega a

with f(x) = (1 — 2x?)/(1 + x?)°/2. This function is sharply peaked at x = 0 and it can be replaced by a Dirac
6-function with the proper coupling constant (details will be given elsewhere). Therefore, the first order
correction to the potential energy of the electron in the electric field created by the dipoles is

6V(z) = i V() =V i u,6(z — nAz), (19)

n=-—0o0 n=-—00

V1 being a positive constant. Following a lengthy but straightforward procedure introduced by Bang et al. [38], in
the adiabatic limit it is found that u,, = —Cx' (nAz, t) - x(nAz, t) with Capositive constant that depends on
the mass of the dipole units and their frequency. We now proceed to the continuum limit and replace the
summation in equation (19) by an integration

V@ =—%C [ X0 x(0, 06— 0), (20)

and finally we get §V (z) = —ViCx'(z, t) - X (z, t). This energy is to be added to the Hamiltonian H discussed
in the previous section.

In this scenario, the dimensionless NLS describing the dynamics of the spinor state x (&, ¢) including the
first order correction of the interaction due to the vibrating dipoles reads

i0,x (& ) =Hx(& ) — 4g[x' (& 1) - x(& DX 1), 1)

where H is given in equation (7a)and g > 0 is a dimensionless constant.
The integrability of this equation has been recently analyzed by using the Painlevé test [39] which requires
that the components of x admit the Laurent expansion

s aj(é.: t) ¢(§r t)];l
> t) = . >
(&0 Z(bj@, 0 6 (& t)fl]

j=0

(22)

around the movable singularity manifold ¢(x, £) = 0. By means of this test, it can also be proved that

equation (21) is the only integrable case of a model very recently put forward by Kartashov and Konotov to study
the dynamics of Bose—Einstein condensates with helical SOC [40]. Furthermore, it reduces to the Manakov
nonlinear system when the SOC vanishes [41, 42]. The well known singular manifold method [43] arises from
the truncation of the Painleve series (22) and yields the following three component Lax pair for equation (21)

5
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—pn 9 P
oY =il -0, pu+n —wy |¥
-®, -1y u—m

D0 4 0,05 + 202 —i0:D] — 2ud}  —i0: Py — 2ud}

T+ B+ B ] — )
’)/(I)l + q)z 0 0

where 1 is the spectral parameter, W is a three component eigenvector and, to avoid exponentials, we have
defined the transformation

e InERT Py (¢, t)) o1

1
X(g’ t) - ﬁ[ ei‘/r(f*ﬂ't) (I)Z(£> t)

The singular manifold method has been applied in [39] to this Lax pair in order to derive Darboux
transformations and an iterative procedure that yields solitonic solutions for equation (21).

For self-focusing nonlinear interaction (g > 0), it can be demonstrated that the following bright solitons
(similar to the case of Davydov’s soliton) are a solution to equation (21)

s= 41, (25)

—in§
Xs(f) t) = E SeCh [g(f —+ Ct)] eigs(f,t)(ﬂT(S) € ]’

B, (s) e

where 3;(s) and 3,(s) are given by (9). Here cis a free parameter representing the velocity of the soliton. The
phaseisdefinedas (&, t) = [¢/2 — smcos™'(2¢)]1€ + (c?/4 — g* — m*y?)t. The existence of two different
bright solitons due to the arbitrary choice of the constant s = 1 is known as the Kramer doublet and it is
directly related to the preservation of the time-reversal symmetry in the model. Notice that these solitons have a
well defined helicity that depends on the SOC due to equation (10). Most importantly, this helicity is preserved
along its propagation and it is found to be

ISl = [33(s) — B2(5)] = — 26)
1+ 42

4. Connection with experiments

Having presented the salient features of solitons in deformable helical molecules, we now turn to discuss their
relevance in experiments. In recent experiments on electron transport in organic helical molecules, it has been
clearly demonstrated that an initially unpolarized current turns out to get highly polarized when passing through
the molecule [1-3, 44—49]. Since the intrinsic SOC effects are rather weak in these molecules, theoretical models
proposed to describe the experiments rely on SOC related to the peculiarities of the helical geometry. It is worth
mentioning that all these models strongly depend on a phenomenological SOC which was roughly estimated to
be a = 4-12 meV nm [6]. It seems that this coupling, even in the best scenario, is not large enough to support
the high degree of spin polarization observed in the experiments. All these approaches, however, neglected
lattice deformations that strongly affect the electron dynamics in organic molecules.

In order to show the relevance of the nonlinear interaction between the lattice and the spin degree of
freedom, figure 2 compares the spin projection achieved with the linear, SP,,, and the nonlinear model, SR, as
given by equations (16) and (26) respectively. To understand the experimental situation when a spin
unpolarized current is injected into the molecule, we will consider an initial localized wave packet with a spin
projection such that = 37/4 (fully unpolarized in the sense discussed above). The wave packet evolves in time
and, after a short transient time, it reaches a steady spin proyection given by equation (16), to be compared with
that obtained for the stable soliton (26). Figure 2 clearly shows an outstanding result, namely, the nonlinearity
strongly enhances the resulting spin projection of a coherent electron passing through a deformable helical
molecule. Thus, lattice vibrations lead to a larger effective SOC in the molecule. We define the enhancement
factoras 1 = (ISRel| — |SPxl) /(ISRail + [SPx]), as depicted in the inset of figure 2. This parameter assesses the
effects of the lattice on the spin rotation capability of the deformable helical molecule. According to the curve
shown in the inset of figure 2, the self-focusing nonlinear interaction has a major effect when the SOC is weak.
And this is precisely the case of interest in experiments, as discussed below.

6
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Figure 2. Asymptotic spin projection as a function of the dimensionless SOC parameter -y for a rigid helical molecule (dashed line) and
anonlinear deformable helical molecule (solid line). The inset shows the enhancement factor 7 = (|SRoi| — |SPx|) /(ISRoll + [SPy])-
The gray area highlights the region with realistic values of yaccording to to previous estimations [6].

The gray area of figure 2 highlights the region where the dimensionless SOC of our model takes values
consistent with previous estimations v = «/(2wbE;) < 0.2 in DNA. Our approach explains the physical
scenario in experiments as follows. The initial unpolarized electron is injected in a deformable helical molecule
whose vibrations interact continuously with the electronic dynamics inside the system. Such nonlinear
interaction transforms the initial arbitrary state till it reaches the most stable configuration, namely, a solitonic
solution. Once the soliton state is conformed, it can propagate with no dispersion along the molecule with a well
defined high degree of helicity. The formation of solitons after a short transient time could be an important effect
for the resulting highly polarized currents found in experiments.

5. Conclusions

In conclusion, we have presented a nonlinear model to study the spin dynamics of electrons in a deformable
helical molecule. Such dynamics is subjected to: (i) the electric field created by the helical arrangement of
molecular dipoles and (ii) the interaction between the electron and the lattice vibrations. On the one hand, the
dipole electric field induces a Rashba-like SOC for electrons moving along the helical axis. On the other hand,
the electron—lattice interaction allows the formation of stable solitons.

Once the model was presented, we were able to prove that the system supports the formation of stable bright
solitons. Remarkably, the helicity of such solitons is preserved during the propagation across the helical
molecule. We also calculated the spin projection onto the molecule axis as a figure of merit to assess the spin
dynamics. For completeness, we also compared this result with those obtained for the linear model
corresponding to the rigid molecule. In particular, we focused on the most relevant situation for experiments,
namely the partial spin projection achieved by an initial unpolarized electron when passing through the helical
molecule. In such scenario, the spin rotation capability of a deformable helical molecule is largely increased
compared to the rigid one, even in the case of weak SOC.
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